VI International Conference on Mathematics and its Applications in Science and Engineering
(ICMASE 2025)

.”‘&Z&R\
ont o ICMASE 20
O o

ON CHARACTERIZATION OF A TYPE OF
SEMI-SYMMETRIC METRIC CONNECTION ON A
SPACETIME

Sezgin ALTAY DEMIRBAG! *, Uday Chand DE?, Fiisun OZEN ZENGIN®

Yistanbul Technical University
2 University of Calcutta
3 Istanbul Technical University

ABSTRACT

General relativity, which has disclosed the basic connection between physics and the geometry of
spacetimes, is one of the most successful physics theories of twentieth Century. In addition to its
crucial importance in theoretical studies, general relativity has found success in technology when
applied to our daily lives.

A time-oriented, connected and four-dimensional Lorentzian manifold was modeled by both general
relativity spacetime and cosmology.

The geometry of Lorentzian manifolds is used to investigate the behavior of vectors on the manifold.
Lorentzian manifolds are emerging as the most effective study model to explain the general relativity.

A spacetime is a Lorentzian manifold M with the Lorentzian metric g of signature (—,+, +, +)
which permits a globally timelike vector field. Different types of spacetimes have been studied in
various ways, such as ([1]-[5]).

Let (M, g) be a connected and time-oriented Lorentzian manifold. If M = —Ix 4 M*, where I is
the open interval of R, ¢ is a smooth function (or scale factor, or warping function) and M* is con-
sidered as a three-dimensional Riemannian manifold, then M is named as a generalized Robertson-
Walker spacetime [6]. If we consider that M* is a three-dimensional Riemannian manifold with
constant curvature, then the generalized Robertson-Walker spacetime reduces to Roberston-Walker
spacetime. Some examples of special spacetimes related by generalized Robertson-Walker space-
times are de Sitter spacetime, Einstein de Sitter spacetime, static spacetime and Friedmann cosmo-
logical models.

A perfect fluid spacetime is a four-dimensional spacetime whose non-vanishing Ricci tensor R;; is
of the form

Rij = agij + fwiw;
assuming that «, 8 are smooth functions, g is the Lorentzian metric and w; is the velocity vector
satisfying the condition w;w" = —1.
In a perfect fluid spacetime, the energy momentum tensor T, is given by
Tij = (p + o)wiw; + pgi;

where o and p denote the energy density and the isotropic pressure, respectively and w; is a non-
vanishing vector.
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The Einstein field equations without cosmological constant are presented by

R
Rij — 5 9ij = kT3

where R denotes the scalar curvature and k indicates the gravitational constant.

Let V represent a linear connection on a Lorentzian manifold (M, g) of dimension n. This connec-
tion is referred to a semi-symmetric if the torsion tensor

Fk sk sk
T = 6;w; — 0; wy

where w; is the associated vector of the linear connection V.

A linear connection V is said to be metric if vkgij = 0, otherwise it is non-metric. Hayden [7]
studied the properties of the metric connection on a Riemannian manifold. A systematic study of
semi-symmetric connection on a Riemannian manifold was given by Yano [8]. Recently, De et al.
[9] have studied the properties of Lorentzian manifolds endowed with the semi-symmetric metric
connection.

The main purpose of this paper is to investigate the general properties of spacetime with a semi-
symmetric metric connection. Firstly, we show that a spacetime equipped with a semi-symmetric
metric w-connection is a dark matter if the Ricci tensor with respect to the connection V vanishes.
Also, we prove that if the curvature tensor of such a spacetime with respect to the linear connection
vanishes then this spacetime is conformally flat.

In the other parts of this paper, we prove that such a spacetime under some conditions becomes
Robertson-Walker spacetime or Yang-Pure spacetime or de Sitter spacetime. Finally, we apply these
spacetimes to general relativity and we discuss their physical interpretations of some geometric
results.
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