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ABSTRACT

Some recurrence relations for the Riemann zeta function ((s) at integer arguments, as well as rela-
tions involving nontrivial zeros of {(s) have been derived in [1]; for instance,

Proposition 1 ([1]) For the Riemann zeta function ((s), it holds that
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where Ay, are the coefficients in the Taylor series expansion of T'(z) = 1/T'(1 — z) around z = 0,
and 7y is the Euler-Mascheroni constant.

Proposition 2 ([1]) For the nontrivial zeros p of the Riemann zeta function ((s),
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where Ay are the coefficients in the Taylor series expansion of the Riemann &-function (or completed
zeta function) around s = 0, and vy is the Euler-Mascheroni constant.

The above propositions have been obtained using several formulas that were derived for the class of
entire and meromorphic functions and that relate the sums of the nth powers of the reciprocals of
zeros and poles of these functions with the coefficients of their Taylor series expansions [1], e.g.

Theorem 3 ([1]) Let f(z) be an entire function of finite order p, for which p = |p|, where p is the
genus of f. Further, suppose that {ay }n>1 is the sequence of zeros of f(z). Then
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where \; are the coefficients in the Taylor series expansion of f(z) at z = 0, gy, are the coef-
ficients of the polynomial in the Hadamard factorization of f, and oy, are the sums of the form
o = Zzo:l 1/ak. Moreover, the above assertion holds true when p is not an integer.

The aim of this talk is to discuss other recurrence formulas involving Riemann zeta function and
some other allied functions [2]. In particular, similar results are established for the digamma func-
tion, Barnes G-function (or double gamma function), and its logarithmic derivative [3], which will
be based on the results of the paper [1] and the Weierstrass infinite product representations of entire
functions [3, 4]. A recurrence formula for the values of the Riemann zeta function at odd positive
integers is also derived. I will also discuss the relations for the multiple gamma functions [5] and
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Vignéras’ multiple gamma functions [6]. The determinantal formulas for the sums of the nth powers
of the reciprocals of zeros of entire or meromoprhic functions as well as for the coefficients A\ will
also be presented. I will conclude by discussing some further research in this direction and outlining
possible applications of the same ideas and the results obtained.

Keywords Zeta functions - Sums of powers of reciprocals of zero - Entire functions - Weierstrass
infinite product representations - Recurrence formulas

References

[1] Bagdasaryan, A., et al: Analogues of Newton-Girard power-sum formulas for entire and mero-
morphic functions with applications to the Riemann zeta function, J. Number Theory 147: 92-
102, 2015.

[2] Bagdasaryan, A.: Relations involving zeros and special values of Riemann’s zeta function, sub-
mitted.

[3] Titchmarsh, E.C., The Theory of Functions, Oxford University Press: Oxford, 2nd ed., 1976.
[4] Levin, B. Ya., Lectures on Entire Functions, American Mathematical Society: Providence, 1996.

[5] Onodera, K.: Weierstrass product representations of multiple gamma and sine functions, Kodai
Math. J. 32: 77-90, 2009.

[6] Nishizawa, M.: Infinite product representations for Vignéras’ multiple gamma functions, Bull.
Fac. Educ. Hirosaki Univ. 108: 31-39, 2012.



