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ABSTRACT

In this work, every ring has an identity and every module over a ring R is a unitary left R−module.
Let M be an R−module and N ≤ M . If L = M for every submodule L of M such that M = N+L,
then N is called a small (or superfluous) submodule of M and denoted by N ≪ M . Let M be an
R−module and U, V ≤ M . If M = U + V and V is minimal with respect to this property, or
equivalently, M = U + V and U ∩ V ≪ V , then V is called a supplement of U in M . M is
called a supplemented module if every submodule of M has a supplement in M . The intersection
of all maximal submodules of an R-module M is called the radical of M and denoted by RadM .
If M have no maximal submodules, then the radical of M is defined by RadM = M . Let M
be an R−module and U, V ≤ M . If M = U + V and U ∩ V ≪ M , then V is called a weak
supplement of U in M . M is said to be weakly supplemented if every submodule of M has a
weak supplement in M . Let M be an R−module and K ≤ M . If K ≪ RadM , then K is
callled an r-small submodule of M and denoted by K ≪r M . Let M be an R−module and
U, V ≤ M . If M = U + V and U ∩ V ≪r V , then V is called an r-supplement of U in M . If
every submodule of M has an r-supplement in M , then M is called an r-supplemented module. Let
M be an R−module and U, V ≤ M . If M = U + V and U ∩ V ≪r M , then V is called a weak
r-supplement of U in M . If every submodule of M has a weak r-supplement in M , then M is called
a weakly r-supplemented module. In this work, some properties of weakly r-supplemented modules
are investigated. It is clear that every r-supplemented module is weakly r-supplemented. Because of
this weakly r-supplemented modules are more general than r-supplemented modules.

Keywords Small Submodule · Radical · Supplemented Module · r-Supplemented Module

References

[1] Clark J, Lomp C., Vanaja N., Wisbauer R., Lifting modules supplements and projectivity In
module theory, Frontiers in Mathematics, Birkhauser, Basel, 2006.

[2] Nebiyev C. and Ökten H.H., Some properties of r-small submodules, Erzincan University Jour-
nal of Science and Technology, 15(3): 996-1001, 2022.

[3] Nebiyev C. and Pancar A., On supplement submodules, Ukrainian Mathematical Journal, 65(7):
1071-1078, 2013.

[4] Nebiyev C. and Sökmez N., Some properties of r-supplemented modules, Miskolc Mathematical
Notes, 25(2): 933-938, 2024.

[5] Wang Y. and Ding N., Generalized supplemented modules, Taiwanese Journal of Mathematics,
10(6): 1589-1601, 2006.

[6] Wisbauer R., Foundations of module and ring theory, Gordon and Breach, Philadelphia, 1991.

*Corresponding Author’s E-mail: cnebiyev@omu.edu.tr


