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ABSTRACT

In this paper we propose some applications of quantum q-calculus to several problems related with
the Riemann zeta function. For removing the pole singularity for this function at s = 1, we first apply
the Möbius transformation, moving it to infinity. Then, we formulate and solve the q-differential
equation

xDqf(x) =

[
1

2

]
q

f(x).

for nontrivial zeros of zeta function. The general solution of this equation takes the form

f(x) =
√
xGq(x),

where Gq(x) is the q-periodic modulation function, satisfying

DqGq(x) = 0

and represented in the general form as

Gq(x) =

∞∑
n=−∞

cne
inβ ln x.

This suggests that the quantum Hamiltonian operator for solution of the Riemann problem could be
based on the q-deformed version of the Berry-Keating Hamiltonian operator in the form

H = xDq +Dqx.

Finally, we derive the Planck type formula for the gas of prime numbers in terms of q-numbers,

〈E〉N = ~ωq
d

dq
ln[N + 1]q

representing the truncated Riemann zeta function as

ζN (s) =
1− p−s(N1+1)

1

1− p−s1
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1− p−s2

...
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In the limit N →∞ it gives the Euler infinite product representation of zeta function

ζ(s) =
∏

primes

1

1− 1
ps

,

as the Planck formula for gas of prime numbers.
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