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ABSTRACT

Capital and liquidity buffers must cover not only the first time a cumulative loss process breaches
a limit t, but also the overshoot Rt beyond that limit. When losses arise from several independent
factors, a vector random walk is appropriate; yet classical Lorden bounds are scalar. We obtain
explicit, dimension-free bounds for ERt under an arbitrary norm, giving stress-test margins for
multi-asset portfolios.

Model. Let Z1, Z2, · · · ∈ Rd be i.i.d. vectors with non-negative components, finite second moment
and mean m = EZ1 ̸= 0. Set Sn =

∑n
k=1 Zk (S0 = 0). For a threshold t > 0 define the first-exit

index and overshoot

N(t) = inf{n ≥ 1 : ∥Sn∥ > t}, Rt = ∥SN(t)∥ − t.

Main bound. Fix any norm ∥ · ∥ on Rd and let C > 0 satisfy C∥x∥1 ≤ ∥x∥ for all x. Then, for
every t > 0,

ERt ≤
(

1
C + 1

∥1∥

) E∥Z1∥2 + E∥Z1∥21
E∥Z1∥1

, 1 = (1, . . . , 1)⊤.

The right-hand side is independent of the level t and the dimension d.

Idea of proof. Project Sn onto m to obtain a one-dimensional martingale to which the scalar Lorden
bound applies; the orthogonal component is then bounded using Cauchy–Schwarz and the con-
stant C. Summing the two contributions yields the stated inequality.

Euclidean-norm corollary. For ∥ · ∥ = ∥ · ∥2 one can take C = d−1/2 and ∥1∥ =
√
d, giving

ERt ≤ 2
(√

d+ d−1/2
) E∥Z1∥21
E∥Z1∥1

.

Risk interpretation. The formula provides a closed-form capital add-on that depends only on first-
and second-moment estimates of single-period factor magnitudes. Because neither t nor d appears,
the same buffer protects thresholds across all horizons and dimensions, greatly simplifying multi-
asset risk management.
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