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Preface

This abstract booklet includes the abstracts of the papers that have been presented at VI Inter-

national Conference on Mathematics and its Applications in Science and Engineering (ICMASE

2025) which was held in University of Plovdiv Paisii Hilendarski, Bulgaria between 15-17 July,

2025, via hybrid. The aim of this conference is to exchange ideas, discuss developments in math-

ematics, develop collaborations and interact with professionals and researchers from all over the

world about some of the following interesting topics: Functional Analysis, Approximation The-

ory, Real Analysis, Complex Analysis, Harmonic and non-Harmonic Analysis, Applied Analy-

sis, Numerical Analysis, Geometry, Topology and Algebra, Modern Methods in Summability and

Approximation, Operator Theory, Fixed Point Theory and Applications, Sequence Spaces and

Matrix Transformation, Modern Methods in Summability and Approximation, Spectral Theory

and Diferantial Operators, Boundary Value Problems, Ordinary and Partial Differential Equations,

Discontinuous Differential Equations, Convex Analysis and its Applications, Optimization and its

Application, Mathematics Education, Applications on Variable Exponent Lebesgue Spaces, Ap-

plications on Differential Equations and Partial Differential Equations, Fourier Analysis, Wavelet

and Harmonic Analysis Methods in Function Spaces, Applications on Computer Engineering, and

Flow Dynamics. However, the talks are not restricted to these subjects.

Thanks to all committee members.

We wish everyone a fruitful conference and pleasant memories from ICMASE 2025.

Prof. Dr. Snezhana GOCHEVA-ILIEVA

Prof. Dr. Fatih YILMAZ

Chairs, ICMASE 2025
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----------------------------------------------------------------- 

Title: Study of Market Equilibrium in Oligopoly Markets Using Response 

Functions 

Abstract: We present the theory of studying market equilibrium in oligopoly markets 
using a response function instead of maximizing the payoff functions of market 
participants. The considered technique is based on generalized coupled, tripled, and n-
tuples of fixed points. The notion for a generalized type of the mentioned above fixed 
points naturally arises in the investigation of market equilibrium in an oligopoly market 
because the classical coupled and tripled are not suitable. We give the relationship 
between the two models, the one based on payoff maximization and the one using 
response functions. We get theoretical results that give sufficient conditions for the 
existence of market equilibrium. We obtain necessary and sufficient conditions under 
which, if the response function model is obtained by maximizing payoff, then the two 
models are equivalent. We illustrate the results obtained with markets of different types: 
duopoly markets and markets with three producers (tripodal markets); markets where 
competition is on just one good and markets where participants compete on many goods; 
markets that include the Cournot-Bertrand model, i.e., competition on quantities and 
prices simultaneously; and markets in which payoff functions are not differentiable and it 
is not naturally possible to apply payoff maximization techniques. We present models 
generated from real data and investigate the equilibrium and its stability using the 
developed theory of response functions. 

VI. International Conference on Mathematics and its Applications in Science and
Engineering 

[ICMASE 2025] 
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----------------------------------------------------------------- 

Title: On Pedagogical Aspects of Modern Tertiary Engineering Mathematics 

„When automatic control fails, the nuclear power plant 
operator must be capable to set all processes manually.“ 

From the speech by a nuclear power plant operator 
to students, FME STU in Bratislava, April 2025 

Abstract: Each era brings its own challenges. Only very recently, a new period in Digital 
era has been identified, the Fourth industrial revolution characterised by the robust 
commencement of ubiquitously mentioned artificial intelligence (AI), cloud services, and 
advanced robotics among others. The instant general availability of new technologies, 
specifically AI, appeals to a rapid response in education systems as well. Despite the fact 
that new, primarily systematic questions arise, such as how to grasp AI in particular, and 
how to work with it at schools, traditional problems of teaching and learning process are 
still relevant, especially with respect to new, up to date circumstances. Which 
mathematical skills and what mathematical content will be valuable for future university 
engineering studies and which of them for following professional life?  Will the standard 
competences in mathematics have to be reviewed? What advantages and what risks do 
new technologies bring to pedagogy?  How to reach the minimal standard competences, 
and how to set up the ways for their improvement? Which pedagogical methods will stay 
efficient, and which of them will turn out to be outdated? What soft skills will have to be 
fostered at schools? 

And what will keep engineering students to learn mathematics? And will new generation 
be willing to study engineering at all? 

VI. International Conference on Mathematics and its Applications in Science and
Engineering 

[ICMASE 2025] 
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----------------------------------------------------------------- 

Title: Optimal Math Title Length? 

Abstract: Article titles represent the first point of contact for editors, reviewers, and 
readers. In the context of the exponential growth in published articles, their importance 
has increased significantly. Therefore, researchers who aim to enhance the visibility of 
their work in international journals must give careful consideration to the title 
formulation process. In this study, we will discuss what the optimal title length should be 
in mathematics articles. 

Keywords: Citation analysis, Research impact, Research visibility. 

VI. International Conference on Mathematics and its Applications in Science and
Engineering 

[ICMASE 2025] 
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(ICMASE 2025)

ON GEOMETRIC FRANK MATRICES AND THEIR PROPERTIES

Fatih YILMAZ1,*, Samet ARPACI1

1Department of Mathematics, Ankara Hacı Bayram Veli University, Ankara, Turkiye

ABSTRACT

Motivated by the most recent literature, in this paper, we define a new generalization of the Frank
matrix that we will call the geometric Frank matrix. In addition to considering some of its algebraic
properties, we obtain its LU factorization, its determinant as well as a recurrence relation for its
permanent. Upper bounds are set for the spectral norm. We also investigate similar properties for
the Hadamard inverse of the geometric Frank matrix. Finally, we provide a MATLAB-R2023a code
to facilitate the computation of the permanent of an arbitrary geometric Frank matrix.

Keywords Frank matrix · factorization · determinant · permanent
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APPLYING ENSEMBLE LEARNING TO PREDICT OUTDOOR
RADON LEVEL: A CASE STUDY

Snezhana GOCHEVA-ILIEVA1,*, Maya STOIMENOVA-MINOVA1, Stoyanka Koleva-Pavlova1

1University of Plovdiv Paisii Hilendarski, Faculty of Mathematics and Informatics, 24 Tsar Asen Str., 4000 Plovdiv, Bulgaria

ABSTRACT

Radon (the isotope Rn-222) is a radioactive noble gas widely distributed in nature. It is emitted
from the Earth’s interior and has a short decay half-life of 3.82 days. Due to the properties of radon,
fluctuations in its levels are considered an indicator of pre-seismic phenomena, and radon - as a pre-
cursor to earthquakes. In this work, the application of ensemble tree learning methods for studying
time series with radon emissions data is presented. The Random Forests, and Adaptively resampling
and combine (Arcing, Arc-x4) methods were applied. Predictors in the modeling process are rapidly
changing meteorological variables such as air temperature, humidity and atmospheric pressure. To
construct the models data from two measuring stations located near an earthquake fault in Bulgaria
are used. Highly efficient machine learning models for predicting radon concentrations have been
built and statistically tested. The influence of predictors in the models has been established. With
the help of the obtained models, anomalies in the behavior of radon have been identified, which can
be associated with earthquakes that have occurred in the studied geographical area.

Keywords Time series · Radon precursor · Ensemble tree learning · Earthquake · Random Forests
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ON MULTIPLICATIVE JACOBSTHAL NUMBERS AND THEIR
COMBINATORIAL PROPERTIES

Samet ARPACI1,*, Fatih YILMAZ1

1Department of Mathematics, Ankara Hacı Bayram Veli University, Ankara, Turkiye

ABSTRACT

In this paper, inspired by the researches on multiplicative calculus and their basic multiplicative op-
erations, we define multiplicative Jacobsthal numbers. Furthermore, we give their some interesting
combinatorial properties.

Keywords Multiplicative calculus · Jacobsthal numbers
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ABSTRACT

We generalise to Banach space Thibault-Zagrodny Theorem that if f and g are primal lower regular
and ∂f = ∂g locally, then f and g locally differ by a constant. Our method consists in reduction to
slopes considerations.

Keywords primal lower regular function · slope · determination of a function
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SERVICE LEARNING AS A METHOD FOR TEACHING
NUMERICAL ANALYSIS IN CIVIL ENGINEERING

Ion Mierlus Mazilu1,*, Fatih Yilmaz2

1Technical University of Civil Engineering Bucharest
2Ankara Hacı Bayram Veli University

ABSTRACT

In contemporary civil engineering education, traditional teaching methods often fall short in engag-
ing students or equipping them with the skills necessary to address complex, real-world challenges.
This article explores service learning as a pedagogical method for teaching numerical analysis to
undergraduate students at the Technical University of Civil Engineering Bucharest (UTCB). Ser-
vice learning, which integrates academic instruction with community-based engagement, provides a
dynamic and meaningful context through which civil engineering students can apply mathematical
concepts to socially relevant problems.
The study centers on the application of the least squares method to construct a regression line, a fun-
damental topic in numerical analysis. Rather than introducing this concept through purely theoreti-
cal approaches, students participate in a field-based service project developed in collaboration with
local urban planning authorities. The project investigates pedestrian movement near construction
zones and its correlation with the distance from public transport stops. Students collect real-world
data, apply regression analysis techniques, and interpret the results to assist in the design of safer
pedestrian routes and mobility signage.
This case study demonstrates how mathematical modeling becomes more accessible and impactful
when embedded within authentic civic contexts. By estimating a linear relationship between pedes-
trian traffic and transport accessibility, students create a regression model that directly supports urban
infrastructure planning. The experience not only strengthens their technical skills in numerical anal-
ysis but also fosters essential transversal competences such as teamwork, critical thinking, and civic
responsibility.
The outcomes suggest that service learning enhances student engagement, deepens conceptual un-
derstanding, and effectively bridges the gap between abstract mathematical instruction and the soci-
etal needs of civil engineering practice. The results support the broader implementation of service
learning in STEM curricula, particularly in technical universities aiming to integrate academic rigor
with sustainable development and community empowerment.

Keywords Service learning · Numerical analysis · Civil engineering education · Regression line ·
Least squares method · Mathematical modeling · Urban infrastructure
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EULER DETERMINANTS

Takao Komatsu1,*

1Institute of Mathematics, Henan Academy of Sciences

ABSTRACT

In 1875, Glaisher systematically found several interesting determinant expressions of numbers, in-
cluding Bernoulli, Cauchy, and Euler numbers. In this talk, we find several determinants expressing
Euler polynomials.
In 2020, Goy and Shattuck presented several determinantal expressions of some families of Toeplitz–
Hessenberg matrices with Tribonacci number entries. However, a determinant expression of Tri-
bonacci numbers has not been studied a lot. We give some determinant representations of general-
ized Tribonacci numbers.

Keywords Euler polynomials · Tribonacci numbers · determinants
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A COMPARATIVE STUDY OF APPROACHES FOR SOLVING
LOTKA-VOLTERRA EQUATIONS

Nilay Akgönüllü Pirim1,*

1Baskent University, Kahramankazan Vocational School Kahramankazan 06980, Ankara, Turkey

ABSTRACT

In this study, the application of the Hermite collocation method [2-3] to obtain approximate solutions
of the Lotka-Volterra equations modelling ecosystem dynamics is investigated. The Lotka-Volterra
equations consist of two differential equations describing predator-prey relationships and population
dynamics [1], and analytical solutions of these systems are often complex and difficult. Therefore,
numerical approximation methods gain importance in the solution of these equations.
In my study, suitable collocation points are selected depending on the dynamic characteristics of
the considered system and an approach for the solution of the system with Hermite polynomials
is established. The results show that the Hermite collocation method provides sufficient accuracy
and computational efficiency for the Lotka-Volterra equations. Moreover, the approximate solutions
obtained are presented graphically and analysed in comparison with other numerical methods [4-5].

Keywords Lotka-Volterra equations · Systems of nonlinear differential equations · Hermite
collocation method
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A-CHARACTER AND POINT-WISE COUNTABLE FAMILIES
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ABSTRACT

The general concept of a metrizable family of subspaces of a topological space was introduced and
applied to the problem of selections of multivalued mapping by M. Choban in [1]. Then in a similar
context the concept of a family of subspaces with first axiom of countability was introduced and
studied by E. Mihaylova in [3]. Families of p-subspaces and families of A(k)-spaces were defined
and studied by M. Choban and E. Mihaylova in [2].

All considered spaces are assumed to be Hausdorff.

Fix a non-empty family A of non-empty subspaces of a topological space X .
A subset H of X is called an A-subset of X if the set H is non-empty, and H ⊆ L for some L ∈ A.
A subset H of X is called an A-balanced subset of X if the set H is non-empty and H ⊆ ∩{L :
L ∈ A, H ∩ L ̸= ∅}.

Definition 1 The family γ of open subsets of X is called an A-base of the A-subset H in X if
H ⊆ ∩{W : W ∈ γ} and for every point x ∈ H and every open subset U of X which contains H
there exist an open subset V of X and W ∈ γ such that x ∈ V and L ∩W ⊆ U for every L ∈ A
such that L ∩ V ̸= ∅. The A-character χX(H,A) of the A-subset H of the space X is the smallest
cardinal of the form |γ|, where γ is an A-base of H .

Lemma 1 Let H be a compact A-subset of the space X . Then there exists an A-base γ of H
such that:
1. |γ| = χX(H,A) and W ∩W ′ ∈ γ for every W,W ′ ∈ γ;
2. For every open subset U of X which contains H there exist an open subset V of X and W ∈ γ
such that H ⊆ V and L ∩W ⊆ U for every L ∈ A such that L ∩ V ̸= ∅;
3. If χX(H,A) is the countable cardinal ℵ0, then there exists γ such that γ = {Wn : n ∈ N} and
Wn+1 ⊆ Wn for every n ∈ N.

*Corresponding Author’s E-mail: zltsolova_fgs@uacg.bg

14



VI International Conference on Mathematics and its Applications in Science and Engineering

(ICMASE 2025)

Definition 2 A family A of subspaces of a space X is of pointwise-countable type if for every point
x ∈ ∪A there exists a compact A-balanced subset F of X such that x ∈ F and χX(F,A) = ℵ0.

Theorem 1 Let f : X −→ Y be a continuous open mapping of a space X onto a space Y , A be
a family of subspaces of the space Y and A−1 = {f−1(L) : L ∈ A} be a family of pointwise-
countable type of the space X . Then A is a family of pointwise-countable type of the space Y .

Keywords Character of a subspace · Point countable type space · Metrizable family of subspaces
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ABSTRACT

The general concept of a metrizable family of subspaces of a topological space was introduced and
applied to the problem of selections of multivalued mapping by M. Choban in [1]. Then in a similar
context the concept of a family of subspaces with first axiom of countability was introduced and
studied by E. Mihaylova in [3]. Families of p-subspaces and families of A(k)-spaces were defined
and studied by M. Choban and E. Mihaylova in [2].

All considered spaces are assumed to be Hausdorff.

Fix a non-empty family A of non-empty subspaces of a topological space X .
A subset H of X is called an A-subset of X if the set H is non-empty, and H ⊆ L for some L ∈ A.
A subset H of X is called an A-balanced subset of X if the set H is non-empty and H ⊆ ∩{L :
L ∈ A, H ∩ L ̸= ∅}.

Definition 1 The family γ of open subsets of X is called an A-base of the A-subset H in X if
H ⊆ ∩{W : W ∈ γ} and for every point x ∈ H and every open subset U of X which contains H
there exist an open subset V of X and W ∈ γ such that x ∈ V and L ∩W ⊆ U for every L ∈ A
such that L ∩ V ̸= ∅. The A-character χX(H,A) of the A-subset H of the space X is the smallest
cardinal of the form |γ|, where γ is an A-base of H .

Lemma 1 Let H be a compact A-subset of the space X . Then there exists an A-base γ of H
such that:
1. |γ| = χX(H,A) and W ∩W ′ ∈ γ for every W,W ′ ∈ γ;
2. For every open subset U of X which contains H there exist an open subset V of X and W ∈ γ
such that H ⊆ V and L ∩W ⊆ U for every L ∈ A such that L ∩ V ̸= ∅;
3. If χX(H,A) is the countable cardinal ℵ0, then there exists γ such that γ = {Wn : n ∈ N} and
Wn+1 ⊆ Wn for every n ∈ N.
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Definition 2 A family A of subspaces of a space X is of pointwise-countable type if for every point
x ∈ ∪A there exists a compact A-balanced subset F of X such that x ∈ F and χX(F,A) = ℵ0.

Theorem 1 Let f : X −→ Y be a continuous open mapping of a space X onto a space Y , A be
a family of subspaces of the space Y and A−1 = {f−1(L) : L ∈ A} be a family of pointwise-
countable type of the space X . Then A is a family of pointwise-countable type of the space Y .

Keywords Character of a subspace · Point countable type space · Metrizable family of subspaces
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ABSTRACT

We give a characterization of Hausdorff spaces satisfying first axiom of countability using Long
orbit or empty value principle. Further, we prove a fixed point theorem in first countable premetric
Husdorff spaces without any conditions for compactness or completeness. We obtain a Banach type
contraction principle in Σ-semicomplete spaces introduced by Suzuki (2018).

Keywords Multi-valued mappings · Fixed points · Sigma-semicompleteness
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EIGENVECTORS AND EIGENVALUES OF THE EFFECTIVE
RESISTANCE MATRIX OF A GRAPH

Piet Van Mieghem1*
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ABSTRACT

We consider undirected, weighted and connected graphs on N nodes, whose corresponding graph-
related matrices are symmetric. The graph G contains a set N of N nodes and a set L of L links. As
mentioned in my book [2], I believe that, after the adjacency matrix A and Laplacian matrix Q of a
graph G, the effective resistance matrix Ω with elements ωij is the third important matrix associated
with graph G. The effective resistance matrix Ω is closely related to the Laplacian matrix by

Ω = ζuT + uζT − 2Q† (1)

where u is the all-one vector, the vector ζ =
(
Q†

11, Q
†
22, . . . , Q

†
NN

)
and Q† is the pseudoinverse of

the Laplacian [3], [2, Secion 4.2]. The effective resistance matrix Ω is a distance matrix [2, art. 8].
Here, we explicitly express the eigenvectors v1, v2, . . . , vN and eigenvalues ρ1, ρ2, . . . , ρN of the
effective resistance matrix Ω in terms of the eigenvectors z1, z2, . . . , zN = u√

N
and eigenvalues

µ1 ≥ µ2 ≥ . . . ≥ µN = 0 of the possibly weighted, but symmetric Laplacian Q. We also deduce
the exact characteristic polynomial and thus improve on a famous interlacing result by Fiedler [1,
Corollary 6.2.9], [2, Theorem 33].

Keywords Graphs · Spectrum · Electric currents
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DIOPHANTINE TRIPLES IN LINEAR RECURRENCES
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ABSTRACT

A Diophantine m− tuple is a set of m distinct positive integers {a1, a2, . . . , an} such that aiaj + 1
is a square for all 1 ≤ i < j ≤ n. If m = 3, it is called Diophantine triples. For example {1, 3, 8} is
a Diophantine triples which are consecutive Fibonacci numbers. The Fibonacci numbers satisfy the
recurrence relation

Fn = Fn−1 + Fn−2

for ≥ 2 with initials F0 = 0 and F1 = 1. More generally, the set {F2n, F2n+2, F2n+4} is a
Diophantine triples. The companion sequence of Fibonacci is known Lucas sequence {Ln} safisfies
the same recurrence with initial conditions are L0 = 2 and L1 = 1. The equation system

ab+ 1 = Ex

ac+ 1 = Ey

bc+ 1 = Ez

was solved by Luca ans Szalay where En is nth Fibonacci and Lucas number. In this talk, we give
the details about other linear recurrences and Diophantine triples.

Keywords Diophantine triples, linear recurrence, Fibonacci numbers with generalizations.
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APPROXIMATION BY NEW (λ, µ)-BERNSTEIN-KANTOROVICH
OPERATORS

Murat Bodur1,*
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ABSTRACT

Using the shape parameter λ is of great interest nowadays. This parameter provides considerable
flexibility, and improves the modeling possibilities in approximation theory. Two main studies can be
given as [2] and [3]. Inspired by these studies, using the Kantorovich operators in [1] and the idea of
[3], we generalize another variant of (λ, µ)-Bernstein-Kantorovich operators. This talk presents new
generalized (λ, µ)-Bernstein-Kantorovich operators. We investigate the approximation properties
of these new generalized operators. We also provide some numerical and graphical examples to
demonstrate the rate of convergence of the constructed operators.

Keywords λ-Bernstein operators · (λ, µ)-Bernstein-Kantorovich operators · Rate of convergence
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DISCOVERING POINT GROUPS BY USING MODULAR ORIGAMI
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ABSTRACT

It is well-known that there exist numerous connections between origami and mathematics, from ba-
sic geometrical shapes, over geometric constructions using paper-folding, combinatorics and graph
theory, up to abstract algebra and number theory [4, 6, 7]. The idea to use origami in teaching and
popularizing mathematics and chemistry is natural, in particular at the level of primary education.
Still, research in this area is scarce and so far has been limited to teaching basic geometry [2, 5, 10],
effects on mathematical thinking in general [11], and teaching visualisation of chemical structures
[3]. Some of these studies also include some symmetry considerations, but mostly limited to mirror
(reflection) symmetry.
On the other hand, the theory of symmetry groups is fundamental for crystallography (and stereo-
chemistry). Symmetry group theory has in fact historically developed from crystallographic con-
siderations of symmetries of crystals and crystal structures [1]. Macroscopic crystals (as well as
VSEPR models of molecule geometry) are modelled by various polyhedra with huge importance
of their point symmetry groups, and crystal structures can be modelled by periodic tesselations and
classified according to symmetry into space groups. The usual way to teach the necessary symmetry
theory is using cardboard models, so the idea that origami could be used to teach symmetry is quite
obvious.
Modular origami is an origami technique in which the final model is assembled from parts (modules)
which are usually much easier to fold than the usual origami models. It allows a variety of examples
of polyhedra with different types of point symmetry to be folded quickly, cheaply and easily [9], and
has several advantages with respect to the usual cardboard and other solid models. In this presenta-
tion, we aim to introduce a method to teach fundamental point group theory concepts (recognition of
various types of symmetry, the notion of point groups and their subgroups) using modular origami.
This shall be done in an interdisciplinary fashion, combining mathematical abstract thinking and ge-
ometrical reasoning with its applications in crystallography and stereochemistry. More specifically,
the ideas of the approach shall be demonstrated by making the well-known modular origami model
known as Jackson cube [8], first in one color to investigate the full point group of the cube (Oh), and
then by exchanging modules make it multicoloured to discover its subgroups.

Keywords mathematics education · symmetry · origami · mathematical crystallography ·
mathematical chemistry · hands-on activities in teaching mathematics · group theory · point groups
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ABSTRACT

The increasing complexity of technical roles in the modern IT industry has amplified the need for
structured, data-driven approaches to recruitment. As companies strive to align talent acquisition
processes with performance-driven outcomes, the integration of statistical modeling into candidate
evaluation has emerged as a compelling solution. This study investigates the application of binary
logistic regression as a predictive tool for assessing the likelihood of candidate selection for IT
Developer positions, based on a dataset comprising standardized performance scores across both
technical and cognitive competencies.
The research utilizes a real-world dataset containing individual scores in PLSQL, SQL, Critical
Thinking (CT), and Problem Solving (PS), collected as part of a candidate evaluation process. These
scores were normalized to ensure consistency and comparability across individuals. The logistic
regression model was constructed using the maximum likelihood estimation method to determine
the coefficients corresponding to each predictor variable. The dependent variable in the model is
binary, representing whether a candidate was selected ("1") or not selected ("0").
Each coefficient in the model reflects the marginal effect of a specific skill on the log-odds of being
selected, enabling a nuanced understanding of how different competencies contribute to the final
hiring decision. By computing the logistic function for each candidate, the model yields a probability
score between 0 and 1, which represents the predicted likelihood of selection. These probabilities
are then used to rank candidates and assess the alignment between the model’s predictions and the
actual selection outcomes.
The analysis reveals several important insights. Technical skills (PLSQL and SQL) exhibit a strong
positive influence on the probability of selection, while cognitive abilities, particularly Critical
Thinking, also play a significant role. Interestingly, the Problem Solving variable displayed low
variance in the original dataset, limiting its contribution to the model but highlighting a potential
area for improvement in candidate assessment procedures. Visualizations such as histograms, scat-
ter plots, and correlation matrices were employed to enhance the interpretability of the results.
The paper further evaluates the model’s predictive accuracy by comparing the predicted selection
statuses to actual outcomes and discussing the potential sources of discrepancies. This evaluation
provides a foundation for refining selection criteria and adjusting model parameters for future itera-
tions.
From a practical perspective, the study underscores the value of implementing logistic regression
models in human resource management, particularly in technical fields where candidate differenti-
ation is both subtle and critical. By shifting towards evidence-based decision-making frameworks,
organizations can increase fairness, transparency, and efficiency in the recruitment process.
This research contributes to the interdisciplinary field of data science and human resources by
demonstrating the viability and benefits of predictive modeling in talent acquisition. It also opens
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avenues for future work, such as the integration of additional variables (e.g., soft skills, prior experi-
ence), the use of alternative classification algorithms (e.g., decision trees, support vector machines),
and the development of automated recruitment decision-support systems.

Keywords Logistic regression · Candidate selection · Predictive modeling · IT recruitment · Human
resource analytics · Technical and cognitive assessment
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A RESEARCH-BASED APPROACH TO TEACHING MATHEMATICS
FOR ENGINEERS USING THE CASE METHOD
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1Technical University of Civil Engineering Bucharest

ABSTRACT

In modern engineering education, mathematical knowledge must serve not only as a theoretical
foundation but also as a practical tool for solving complex real-world problems. However, tradi-
tional teaching methods in mathematics often rely on passive transmission of information and em-
phasize abstract computation over contextual understanding. This paper explores a research-based
pedagogical alternative, the Case Method, as a transformative approach to teaching mathematics to
engineering students. Rooted in constructivist learning theory and active learning principles, the
Case Method engages students in realistic scenarios that demand analytical thinking, mathematical
modeling, and collaborative problem-solving.
By integrating mathematics instruction with authentic engineering cases, the Case Method facilitates
deeper cognitive processing, enhances motivation, and fosters long-term knowledge retention. This
approach shifts the role of the instructor from lecturer to facilitator and challenges students to take
ownership of their learning. Through guided exploration, they apply core mathematical concepts,
such as linear systems, differential equations, optimization, and numerical methods, to address chal-
lenges drawn from disciplines such as civil, mechanical, and electrical engineering.
The paper provides a theoretical framework for using the Case Method in STEM education, sup-
ported by findings from the literature on research-based teaching. It presents concrete examples of
classroom implementation, highlighting how mathematical concepts can be taught through struc-
tured case studies involving engineering scenarios such as heat transfer, structural stability, or con-
struction logistics optimization. The observed impact on student engagement, critical thinking, and
communication skills confirms the method’s value in developing both academic competencies and
professional attitudes.
While the Case Method presents certain challenges, such as increased preparation time and the need
for flexible assessment methods, it aligns closely with the goals of modern engineering education,
which prioritize problem-solving, interdisciplinary thinking, and applied knowledge. The study
concludes that embedding the Case Method within mathematics courses contributes significantly
to preparing future engineers for the demands of their profession, offering a powerful synthesis
between theoretical rigor and practical relevance.

Keywords Case Method · Engineering education · Mathematics teaching · Research-based
learning · Applied mathematics · Active learning · Problem-based instruction
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ABSTRACT

Let α, β ∈ R be given. Assume that a1, a2, . . . , an are distinct positive integers and let P be
the infinite set of prime numbers for which a1, a2, . . . , an does not form a reduced residue system
modulo pr, r > 2 for any p ∈ P . For any fixed γ with 0 < γ < 1, we prove that there are infinitely
many primes p ∈ P such that ||αpγ + β|| < p−θ and all the numbers p+ a1, . . . , p+ as are free of
rth powers.

Keywords Distribution modulo one · r-free numbers · esti-mates of exponential sums

*Corresponding Author’s E-mail: tlt@fmi.uni-sofia.bg

28



VI International Conference on Mathematics and its Applications in Science and Engineering

(ICMASE 2025)
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ABSTRACT

General relativity, which has disclosed the basic connection between physics and the geometry of
spacetimes, is one of the most successful physics theories of twentieth Century. In addition to its
crucial importance in theoretical studies, general relativity has found success in technology when
applied to our daily lives.
A time-oriented, connected and four-dimensional Lorentzian manifold was modeled by both general
relativity spacetime and cosmology.
The geometry of Lorentzian manifolds is used to investigate the behavior of vectors on the manifold.
Lorentzian manifolds are emerging as the most effective study model to explain the general relativity.
A spacetime is a Lorentzian manifold M with the Lorentzian metric g of signature (−,+,+,+)
which permits a globally timelike vector field. Different types of spacetimes have been studied in
various ways, such as ([1]-[5]).
Let (M, g) be a connected and time-oriented Lorentzian manifold. If M = −I×φ2M∗, where I is
the open interval of <, φ is a smooth function (or scale factor, or warping function) and M∗ is con-
sidered as a three-dimensional Riemannian manifold, then M is named as a generalized Robertson-
Walker spacetime [6]. If we consider that M∗ is a three-dimensional Riemannian manifold with
constant curvature, then the generalized Robertson-Walker spacetime reduces to Roberston-Walker
spacetime. Some examples of special spacetimes related by generalized Robertson-Walker space-
times are de Sitter spacetime, Einstein de Sitter spacetime, static spacetime and Friedmann cosmo-
logical models.
A perfect fluid spacetime is a four-dimensional spacetime whose non-vanishing Ricci tensor Rij is
of the form

Rij = αgij + βwiwj

assuming that α, β are smooth functions, g is the Lorentzian metric and wi is the velocity vector
satisfying the condition wiwi = −1.
In a perfect fluid spacetime, the energy momentum tensor Tij is given by

Tij = (p+ σ)wiwj + pgij

where σ and p denote the energy density and the isotropic pressure, respectively and wi is a non-
vanishing vector.
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The Einstein field equations without cosmological constant are presented by

Rij −
R

2
gij = kTij

where R denotes the scalar curvature and k indicates the gravitational constant.
Let ∇̄ represent a linear connection on a Lorentzian manifold (M, g) of dimension n. This connec-
tion is referred to a semi-symmetric if the torsion tensor

T̄ kij = δkjwi − δki wj

where wi is the associated vector of the linear connection ∇̄.
A linear connection ∇̄ is said to be metric if ∇̄kgij = 0, otherwise it is non-metric. Hayden [7]
studied the properties of the metric connection on a Riemannian manifold. A systematic study of
semi-symmetric connection on a Riemannian manifold was given by Yano [8]. Recently, De et al.
[9] have studied the properties of Lorentzian manifolds endowed with the semi-symmetric metric
connection.
The main purpose of this paper is to investigate the general properties of spacetime with a semi-
symmetric metric connection. Firstly, we show that a spacetime equipped with a semi-symmetric
metric w-connection is a dark matter if the Ricci tensor with respect to the connection ∇̄ vanishes.
Also, we prove that if the curvature tensor of such a spacetime with respect to the linear connection
vanishes then this spacetime is conformally flat.
In the other parts of this paper, we prove that such a spacetime under some conditions becomes
Robertson-Walker spacetime or Yang-Pure spacetime or de Sitter spacetime. Finally, we apply these
spacetimes to general relativity and we discuss their physical interpretations of some geometric
results.

Keywords Generalized Robertson-Walker spacetime · perfect fluid · general relativity · semi-
symmetric metric connection · quasi-constant curvature · conformal curvature tensor.
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ABSTRACT

Parametric optimization problems are tasks in which the objective function and/or the domain over
which optimization occurs change depending on a parameter. The main subjects of study in these
problems are the optimal value function and the multivalued mapping of the solutions to the opti-
mization problem, which depend on the parameter.
Examining such problems is significant in the general theory of optimization and operations research
due to their direct connection with the sensitivity and stability of optimization tasks under various
disturbances. In practical problems, inaccuracies inevitably arise in observing a given process, as
well as errors in the numerical processing of the obtained data. Therefore, it is necessary to know
whether the obtained numerical solution to the disturbed optimization problem is close (in some
sense) to the solution of the original problem.
Such tasks naturally arise in game theory and mathematical economics. In a standard setup, the
optimal consumption of a given agent is sought depending on their income and market prices. An-
other typical situation is when an optimal investment strategy is considered as a function of market
indices.
A key tool in parametric optimization problems is Berge’s maximum theorem. This theorem pro-
vides a sufficient condition for the continuity of the optimal value function and the upper semicon-
tinuity of the solutions to the optimization problem. One important application of this theorem is in
obtaining equilibrium existence results in game theory.
A substantial part of the study of such problems involves working with multivalued mappings. The
sets over which we optimize are given as values of a multivalued mapping with the parameter as its
argument. The set of solutions is also a multivalued mapping that has the parameter as its argument.
We are mainly interested in the continuity properties of these multivalued mappings, specifically in
what assumptions to impose on the mapping and what conclusions we would like to obtain for the
set of solutions.
The continuity of multivalued mappings is a significantly more complex and ambiguous concept
than the continuity of functions. The definition and study of the notion of continuity initially be-
longed to theoretical mathematics. Continuously developing fields of applied mathematics, such as
optimization, economics, and others, further stimulate the expansion of these constructions, address-
ing the need for such a mathematical apparatus through which broader concepts can be established
and more global results can be derived. Analogous to the relationship between limits of sequences
and limits of functions, theories of convergence of sequences of sets and continuity of multivalued
mappings have developed in parallel. The concepts of internal and external limits of a sequence
of sets were first introduced by the French mathematician Paul Painlevé (1863-1933) in 1902, with
the convergence of a sequence of sets characterized by the coincidence of its internal and external
limits. Later, after the first quarter of the 20th century, scholars like Felix Hausdorff (1868-1942)
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and Kazimierz Kuratowski (1896-1980) developed and popularized Painlevé’s concept, basing their
work on it. This is why today this convergence is known as Painlevé-Kuratowski convergence.
With sets as values, a multivalued mapping allows for a similar construction to be applied to it.
Thus, the concept of Painlevé-Kuratowski continuity of a multivalued mapping is reached. Another
construction, which combines well with the metric in a metric space, was introduced and studied by
mathematicians Pompeiu (1873-1954) and Hausdorff.
Another type of continuity we will consider in our work aligns well with the topological structure
of the space and can be defined for mappings between arbitrary topological spaces. In our work, we
will call this type of continuity topological.
It is established that in a metric space with compact images, the three types of continuity of a
multivalued mapping coincide. It is precisely compact images that are required by Berge’s theorem.
The relaxation of the compactness condition while preserving the conclusion in Berge’s theorem is
a question explored by various mathematicians. In a recent article by Feinberg et al., this problem is
considered in general topological spaces.
In our study, we deal with this issue when the space over which we optimize is metric. Our main
focus is proving the upper semicontinuity of the multivalued mapping of the solutions to an opti-
mization problem. We also examine the interrelationships between different conditions imposed to
relax compactness. We obtain several results that we have not encountered in the literature, summa-
rizing and placing in a single framework known theorems in this field. In the beginning we optimize
the objective function over a finite-dimensional space, with a weak type of continuity (Painlevé-
Kuratowski) of the multivalued mapping additionally imposing a condition to restrict the behavior
of the function at infinity. In a case where the objective function does not depend on the parame-
ter, we introduce a new concept of well-posedness. We use it to obtain a general result for which
we additionally require only the continuity of the multivalued mapping in the sense of Painlevé-
Kuratowski and the continuity of the objective function. After this we provide sufficient conditions
for the well-posedness of a pair. We show how known results are obtained as special cases. During
our considerations, we introduce a new type of lower semicontinuity, stronger than all known to us
so far.
When the objective function depends on the parameter, we obtain a theorem, which provides both
new (to our knowledge) results and generalizes Berge’s Theorem in its part concerning the semicon-
tinuity of the solutions, as well as other previous results.
After this we obtain so-called inverse results. They address the question: given the upper semicon-
tinuity of the solutions for all objective functions of a certain type, what can we say about the other
objects in the problem, for example, the multivalued mapping. Most authors focus on proving the
upper semicontinuity of the solutions. This is because, when we have upper semicontinuity of the
mapping at some point, we know that for other points that are in some sense close to all solutions
to the optimization problem at these points are close to solutions at but not to all solutions at. When
we have lower semicontinuity of the mapping we know that at points close to the solutions to the
optimization problem approximate well all solutions obtained at but there may also be those that are
very far from the solutions at. Still, the preference is to have solutions close to those of the original
problem though possibly not encompassing all its solutions, rather than having a good approxima-
tion of all solutions to the original problem but with the potential problem of some of the obtained
solutions being very far from the solutions to the original problem.
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ABSTRACT

It is a well known result of Emmy Noether [4, 5] that the algebra of invariants of the polynomial
algebra in d commuting variables under the action of finite group G is finitely generated. In the
noncommutative case, this is only true for finite groups, consisting of scalar matrices. However,
equipped with an additional action, defined by Koryukin in [R5], the algebra of invariants of poly-
nomials in d non commuting variables becomes finitely generated. In [1, 2] we study the invariants
of free associative algebras under the action of fixed finite groups.

Keywords Free associative algebras · Noncommutative symmetric polynomials · Finite generation ·
Koryukin action
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Füsun ÖZEN ZENGİN1,∗, Uday Chand DE2, Sezgin ALTAY DEMİRBAĞ3
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ABSTRACT

In general relativity, a spacetime, denoted byM4 is viewed as a Lorentzian manifold equipped with a
Lorentzian metric g. This metric has a signature of (−,+,+,+), indicating the mixture of positive
and negative signs. It allows for the presence of a vector that is time-oriented and valid globally
throughout the spacetime.
A Lorentzian manifold M4 is called a perfect fluid spacetime [1], if the non-zero Ricci tensor Rij
satisfies

Rij = αgij + βAiAj

where α, β are scalar functions and Ai is the non-zero 1-form named as "the generator of the
manifold" and AiAi = −1.
For a perfect fluid spacetime, the energy momentum tensor Tij is given by [2]

Tij = (p+ σ)AiAj + pgij

where σ and p denote the energy density and the isotropic pressure, respectively and Ai is a non-
vanishing vector.
The Einstein field equations without cosmological constant are presented by

Rij −
R

2
gij = kTij

where R denotes the scalar curvature and k indicates the gravitational constant.
In modern cosmology, dark energy is considered as a candidate to accelerate the expansion of the
universe and the scalar functions σ and p are considered by an equation of state (EoS), p = p(σ, T0)
that regulates the quality of the ideal fluid by denoting T0 as the absolute temperature. If we take T0
as a constant, then the (EoS) is reduced to p = p(σ). Then, this spacetime is called isentropic [3].
From (EoS), a perfect fluid spacetime is referred as stiff matter if p = σ, dark matter era if p = −σ,
dust matter era if p = 0, the radiation era if p = σ

3 , cosmic walls if p = − 2σ
3 and strings if p = −3σ

([4]-[6]). If p
σ < − 1

3 then the universe represents accelerating phase, if −1 < p
σ < 0 then the

universe represents quintessence phase.
A generalization of Einstein manifolds is the generalized quasi-Einstein manifold ([7],[8]). The
Ricci tensor of a generalized quasi-Einstein manifold satisfies the following condition

Rij = αgij + βAiAj + γ(AiBj +AjBi)

∗Corresponding Author’s E-mail: fozen@itu.edu.tr
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where γ is a scalar , Ai is unit a time-like vector and Bi is a unit space-like vector. Also, Ai and
Bi are orthogonal vectors. A Lorentzian manifold whose Ricci tensor satisfies the last equation is
called generalized quasi-Einstein spacetime.
In this paper, some special conditions in a generalized quasi-Einstein spacetime are considered.
Under some special conditions, the physical properties of these spacetimes are examined. Then, it is
shown that such a turns into a perfect fluid or static spacetime or a special type of product spacetime
under some assumptions.
In the last part of this study, the applications of the considered spacetime in general relativity are
discussed.

Keywords Generalized quasi-Einstein spacetime · perfect fluid · static spacetime · general
relativity · expansion scalar · vorticity.
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ABSTRACT

In this paper, we study on asymptotic regular contraction mapping and multiplicative metric spaces.
Asymptotic regular contraction mapping and asymptotic regular cyclic contraction mapping are de-
fined on multiplicative metric spaces. Then, using these mappings new fixed point theorems were
obtained and proved in multiplicative metric spaces. Finally, an application is presented to make the
subject clearer and more understandable.

Keywords Multiplicative metric · Asymptotic regular contraction mapping · Fixed point
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ABSTRACT

In this study we focus on digital images with κ adjacency relation. We define rectangular metric on
digital images. By using the differences related with convergency, Cauchy sequence and κ contin-
unity in digital images and by using rectangular property we obtain and prove Caristi and Kannan
type fixed point theorems.

Keywords Digital Image · Rectangular metric · Fixed point
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ABSTRACT 

Fixed-wing Unmanned Aerial Vehicles (UAVs) are an aircraft concept that has been the focus of recent 

studies in terms of stability and control. The stability of fixed-wing UAVs with morphing aerodynamic 

components has also been extensively studied. The stability and control performance of the UAV changes 

as a result of the morphing of the control surfaces or wing geometry. In extreme conditions, the cruise 

flight of the UAV is out of equilibrium and the UAV is subject to disturbances. As a result, the UAV is 

planned to provide a stable action in accordance with the design requirements and strives to return to the 

equilibrium position from which it moved away as a result of the disturbance. In other words, the aircraft 

has a stable behavior. If the aircraft returns to the equilibrium position without using control surfaces, this 

is called fixed stick motion and the aircraft is designed to return to the equilibrium position without using 

any trim surfaces. In this study, the effect of changing the wing structure on the stability performance of a 

UAV is investigated. Changes in the damping ratio value and undamped natural frequency values of the 

UAV with double dihedral and double swept angles on the wing will be analyzed. This work also has 

been supported by Erciyes University Scientific Research Projects Coordination Unit under grant number 

FDK-2025-14354. 
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ABSTRACT 

In this study, the aerodynamic performance of a vertical take-off and landing (VTOL) unmanned aerial 

vehicle (UAV) is investigated through the application of both active and passive flow control 

techniques. Passive control is achieved via vortex generators, while active control is implemented 

using blowing methods. A novel UAV design incorporating both strategies has been developed, and 

multiple configurations have been evaluated using Computational Fluid Dynamics (CFD) simulations. 

The main objective of this work is to enhance the overall flight performance of the UAV by delaying 

flow separation, controlling the boundary layer, and increasing aerodynamic efficiency. Various 

geometrical and operational parameters such as blowing magnitude, speed, angle, location and shape 

and size of the blowing area, as well as the shape, size and placement of the vortex generators were 

explored. In the first stage, each of these parameters was individually implemented and tested on the 

VTOL UAV design to assess its influence on aerodynamic performance. In addition, various 

combinations of these parameters were systematically investigated to evaluate their interactive effects 

and overall contribution to flow control efficiency. Preliminary results demonstrate that the integrated 

use of active and passive methods significantly improves aerodynamic performance, especially in 

transition regimes and low-speed operations. The proposed research provides important scientific 

insight contributions to the aerodynamic optimization of modern VTOL UAVs. This work also has 

been supported by Erciyes University Scientific Research Projects Coordination Unit under grant number 

FDK-2025-14354. 

Keywords Active flow control method · passive flow control method · UAV · VTOL · Vortex 

Generator · Blowing Method · CFD · Performance Optimization · Separation Control 
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ABSTRACT

In this paper, soft normed spaces is considered with different perspective soft multiplicative norm
is defined by using soft points and then convergent sequences, Cauchy sequences are stated in soft
multiplicative normed spaces. Some new fixed point theorems are obtained and proved in soft mul-
tiplicative normed spaces.

Keywords Soft norm · Multiplicative norm · Soft Fixed point
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ABSTRACT

For the numerical solution of a system of nonlinear advection-adsorption partial differential equa-
tions, we develop a semi-implicit finite difference scheme with a second-order spatial discretization
error. The mathematical problem arises from the domain of water purification using activated car-
bon. We are particularly focused on a use-case involving the simulation of fixed-bed adsorption
process for the removal of organic micropollutants from drinking water. The implicit approximation
of part of the system’s equations is needed due to some specifics of the values of model parameters.
Our aim is to accurately simulate the outflow concentrations of the adsorbates. This, in turn, allows
for the precise computation of breakthrough curves, which are key indicators in evaluating the ef-
fectiveness of water treatment.
The mathematical model is capable of describing both single-component and multi-component ad-
sorption processes. In the single-component adsorption scenario, we examine two formulations of
the model—one utilizing the Freundlich isotherm and the other based on the Langmuir isotherm
to represent the adsorption term. Incorporating various isotherm equations into the mathematical
model enhances its flexibility and enables the simulation of a broader range of adsorbate–adsorbent
systems. In the multi-component case, the numerical method is effectively applied to simulate break-
through curves for up to ten contaminants.
The proposed finite difference scheme is analyzed through numerical experiments, demonstrating
its effectiveness across various parameter settings and confirming second-order convergence with
respect to spatial discretization. A comparison is made with a first-order numerical scheme applied
to the same problem, highlighting the advantages of the newly proposed method. In particular, using
the latter, it is shown that the maximum approximation error for the concentration of contaminant,
relative to the inlet concentration, does not exceed 10−6 in magnitude.

Keywords advection-adsorption · numerical simulation · breakthorugh curve · Freundlich
isotherm · Langmuir isotherm
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ABSTRACT

Since the Hodgkin-Huxley model was published, the differential equation has been applied to de-
scribe the dynamics of signal transmission in the brain. Various scientists are working on simplifying
it, taking into consideration the demonstration’s assurance of accuracy for the biophysical process
in the brain.

Regarding the interaction of millions of neurons in the brain, one of the convenient ways to mod-
ulate and simulate their interaction is through agent-based modeling due to its possibility to adjust
received parameters. The advantage of the agent-based model is that it allows adjusting one param-
eter while keeping the other parameters fixed, enabling the investigation of individual effects and
testing scientific hypotheses related to signal transmission in the brain. In this study, the agent-based
model, the Lana model, is presented, which is based on the generalization of undergoing bio-physical
processes during signal transmission in the brain. In the Lana model, processes are grouped into two
subsets (agents) describing either the signal (agent Signal) or the neuron-related processes necessary
for the signal transmission (agent Neuron). Moreover, the neuron is observed with all bio-physical
properties using the mathematical equation, the modified Hodgkin-Huxley model. The Agent neuron
in the Lana model has the following properties: functionality, trigger threshold, number of functional
accesses (dendrites), output range (axons), number of functional outputs (telodendrions), predisposi-
tion of the receiving signal, and recovery time. In addition, the Agent signal in the mentioned model
has the following properties: signal identification, current strength, repeated signal frequency, initial
position, and radius of the affected neuron. Using these two agents, the Lana model enables the
simulation of neuron signal transmission in the brain, as well as the flexibility that enables it. The
signal transmission is modulated using both agents while the agent Neuron simulates changes in
flexibility. The Lana model is considered successful if it can produce the spike graph or pathway
from the MRA image.

The purpose of the Lana model lies in the application and regulation of neurons in both physiological
and pathological states. The mentioned type of application and regulation of the signal in neurons
can play a significant role in understanding neurological diseases, such as stroke, Multiple sclerosis,
and Parkinson’s disease, as well as in future treatments for pathological brain states.

Keywords Signal Transmission · Agent-based model · Neurons
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ABSTRACT

Soft set theory, originally introduced by Molodtsov in 1999 in [4], presents a powerful and flexi-
ble mathematical framework for dealing with uncertainties, imprecisions, and vagueness commonly
encountered in real-world problems. Its parameterized structure allows it to effectively model sit-
uations in which traditional mathematical tools, such as fuzzy sets or probability theory, may face
limitations. Despite its widespread applications across fields such as decision-making, engineering,
medical diagnosis, and economics, its integration with time series analysis remains relatively under-
explored.
The aim of this study is to bridge this gap by proposing two different methods to represent time
series data within the soft set framework: the Frequency Threshold Soft Set and the Recurrence
Threshold Soft Set. These approaches offer different perspectives for identifying cyclic behaviors or
steady patterns and for highlighting dominant periodicities or oscillations in time-dependent data.
To validate the proposed methods and the associated similarity measure, a real or simulated time
series dataset is used as a case study. The dataset is processed using both soft set representations,
and similarities between different time intervals or recurring patterns are computed using the soft
set-based similarity measure. The results are then analyzed and discussed in terms of their inter-
pretability and their effectiveness in capturing meaningful temporal structures.

Keywords Soft Sets · Soft Set-Based Representation of Time Series · Application of Soft Sets
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ABSTRACT

Neighborhoods systems is an important tool for graphs in view of topological. So, in this paper, we
establish new types of eight neighborhoods via the notion of set-ideal and Ej-neighborhoods from
vertices of any graph. Then, the accuracy measures and boundary regions of these approximations
are calculated. We explore novel types of j-lower (resp. j-upper) approximations are obtained and
some algorithms are introduced. Finally, we give a real-life problem which is related to our methods.
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ABSTRACT

In this study, we provide an innovative concept in group theory that we call it an absorbable group.
We discuss some of its characteristics as well as how it relates to well-known ideas such as solv-
able groups and nilpotent groups. Due to their well-behaved structure and hierarchical breakdown,
nilpotent groups are an important class of groups in group theory. If the index [G: H] is a prime
number, then G is said to have a prime index. Prime index subgroups are crucial in the context of
nilpotent groups. For instance, H must be normal in G if G is a nilpotent group and H is a subgroup
with prime index p. Additionally, group solvability and automorphism group structure are impacted
by the interaction between nilpotent groups and their prime index subgroups
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ON FIBONACCI POLYNOMIALS AND DETERMINANTS
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ABSTRACT

The classical sequence of Fibonacci polynomials is a special case of Chebyshev polynomials and
has been studied in various fields. This class of polynomials, denoted by {Fn(x)}n≥0, is defined
in [2] by the initial conditions F0(x) = 0, F1(x) = 1, and the recurrence relation: Fn+1(x) =
xFn(x) + Fn−1(x), for n ≥ 1, as well as by the following identity:

Fn+1(x) = En(x,−1) =
∞∑

m=1

(
n−m

m

)
xn−2m = det


x −1 0 0 · · ·
1 x −1 0 · · ·
0 1 x −1 · · ·
...

...
. . . . . . −1

0 0 · · · 1 x


n×n

. (1)

The Identity (1) was derived from the second-type Dickson polynomials presented in [3]. In [2],
several identities for Fibonacci polynomials were obtained using matrix theory. Moreover, various
properties and generalizations of this well-known sequence can be found in the literature (see, for
example, [1], [5], [4], and [6]), along with numerous applications in algebra, analysis, combinatorics,
and matrix theory. For instance, in [5], a new procedure for the numerical solution of boundary
value problems involving expansions in Fibonacci polynomials was introduced. The fundamental
Fibonacci system, as introduced in [6], is defined by the recurrence relation

F (s)
n = F

(s)
n−1 + F

(s)
n−2 + · · ·+ F

(s)
n−r, n ≥ r, (2)

where the initial conditions are given by F
(s)
n = δs−1,n, for 0 ≤ n ≤ r − 1. The properties of the

fundamental Fibonacci system and the fundamental solution were established, and new identities for
generalized Fibonacci numbers were derived. Considering these previous results, this work focuses
on a generalization given by the following linear difference equation of order r ≥ 2:

F (s)
n (x) = xF

(s)
n−1(x) +

r−1∑
i=1

F
(s)
n−i−1(x), ∀n ≥ r, (3)

with initial conditions given by F
(s)
s−1(x) = 1, F

(s)
n (x) = 0, for all x ∈ R, 0 ≤ n ̸= s− 1 ≤ r − 1.

We refer to the class of polynomials defined by Equation (3) as the Fibonacci polynomials.
Our goal is to study Equation (3) through the fundamental Fibonacci system and Chebyshev poly-
nomials, that is, a determinantal approach to the terms of this polynomial sequence. This method
allows us to establish new properties and identities for this newly generalized class of polynomials.
Fibonacci polynomials, a special case of Chebyshev polynomials, can be expressed as determinants
of structured matrices, such as Jacobi or tridiagonal matrices. These representations make explicit
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the recurrence relations between the polynomials and facilitate the analysis of their properties, as we
will discuss next. Given the following result, several new identities can be derived.

Theorem 1 Let Fr be the fundamental system of Fibonacci polynomials. Then, for r ≥ 2, 1 ≤ s ≤
r − 1, and n ≥ 1, we have:

F
(s)
n+r−1(x) = det(Rn,s) = det



1 −1 0 0 0 · · · 0
1 x −1 0 0 · · · 0
1 1 x −1 0 · · · 0
...

...
. . .

. . .
. . . · · · 0

1 1 · · · 1
. . .

. . . 0

0 0 1 · · ·
. . . x −1

0 · · · 0 1 · · · 1 x


n×n

.

Rn,si1 =

{
1, if 1 ≤ i ≤ s,

0, otherwise.
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ABSTRACT

The sequence {Fn}n≥0 of Fibonacci numbers is defined recursively by the relation Fn = Fn−1 +
Fn−2 with F0 = F1 = 1. Among its interpretations, we can highlight that these numbers represent
the count of compositions of the integer n+ 1 with no part equal to 1 (see [2], Sequence A000045).
On the other hand, the Stirling numbers of the first kind S(n, k), 0 ≤ k ≤ n, determine the
number of permutations in the symmetric group Sn that decompose into exactly k cycles. Formulas
for S(n, k) in terms of partitions of a positive integer, cyclic types of a permutation, and Vieta’s
formula can be found, respectively, in the works of [3, 4] and [5].
In this work, we are interested in the non-homogeneous recurrence relation with variable coefficients
given by:

P
(k)
n+2(q) = p

(k)
1,n(q)P

(k)
n+1(q) + p

(k)
2,n(q)P

(k)
n (q) + S(n+ 2, k), 0 ≤ k ≤ n, (1)

where p(k)1,n(q) = 1 − q2 + q2n+2k+1, p(k)2,n(q) = q2 and with initial conditions P (k)
0 (q) = 1 and

P
(k)
1 (q) = 1 + q2k+1. Note that if we consider only the homogeneous part of (1) with the initial

conditions, when q → 1, we obtain the sequence {Fn}n≥0 of Fibonacci numbers. Therefore, the
homogeneous part of (1) is a q-analog of the sequence Fn, as corroborated in [1].

Now, if we take the vector Y (k)
n = (P

(k)
n (q), P

(k)
n+1(q))

T and X(k)
n = (0, S(n + 1, k))T , from the

recursive process we find that Equation (1) can be represented in matrix form as

Y
(k)
n+1 = T (k)

q (n+ 1)Y
(k)
0 +

n∑
r=1

n∏
i=r

L(k)
q (i)X(k)

r +X
(k)
n+1, (2)

where T (k)
q (n) :=

∗,n−1∏
h=0

L(k)
q (h) is the second order transition matrix, L(k)

q (n) is the companion

matrix associated to Equation (1) and Y (k)
0 is the vector of initial conditions. Thus, in order to find

explicit formulas for the entries of T (k)
q (n), we will consider the canonical solutions ψ(0)

n (q, k) and
ψ
(1)
n (q, k) of Equation (1), which are defined, for s ∈ {0, 1}, as ψ(s)

n (q, k) := detΦ
(s)
n−1, for n ≥ 2

and, when n = 0, 1, we define ψ(s)
n = 1 for n = 1 − s and 0 otherwise. The matrix Φ

(s)
n−1 is the

tridiagonal matrix generated by the first n − 1 rows and columns of the infinite matrix Φ(s), given
by:
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Φ(s) =


p1+s,0(q) p2+s,1(q)

−1 p1,1(q) p2,2(q)
−1 p1,2(q) p2,3(q)

. . . . . . . . .

 ,

and with pm,n(q) = 0 whenever m > 2. Then, from the previous data, we are able to show that the
explicit determinantal expression for the sequence {P (k)

n (q)}n≥0 is given by:

P
(k)
n+2(q) = (1 + q2k+1)ψ

(0)
n+2(q, k) + ψ

(1)
n+2(q, k) +

n+1∑
r=1

ψ
(0,r)
n−r+2(q, k)S(r + 1, k), (3)

for all 0 ≤ k ≤ n. Thus, from the formulas for the homogeneous solution of (1) obtained in [1] and
the formulas for S(n, k) found in [3]-[5], we can establish an explicit combinatorial formula for the
sequence {P (k)

n (q)}n≥0.

Keywords Fibonacci sequence · Stirling numbers of the first kind · Recurrence relations ·
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ABSTRACT

In this paper, we submit the price adjustment equation, which moves a substantial role in market
equilibrium, by considering the generalized M-derivative with the M series described as the limit
for α-differentiable functions. The essential advantage of these models, as per their classical ver-
sions is that the derivative be arbitrary orders. For this aim, the method for linear ordinary differential
equations on the generalized M-derivative approach is utilized and some major results are acquired
with this method. The price adjustment equation, which acts a crucial role in supplying market equi-
librium, is resolved with this method when the agents expectancys are considering or disregarded
[1-5].
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ABSTRACT

This study addresses the lot-sizing problem, motivated by practical challenges in Brazilian food
manufacturing environments. The production setting comprises multiple production lines that share
limited resources, such as labor and machinery. Due to the scarcity of these resources and opera-
tional constraints, not all lines can operate simultaneously. Each line is specialized and solely re-
sponsible for producing specific items. The mathematical model was designed by Medeiros, Soler,
and Queiroz [3], based on formulations proposed by Haase [2], and Soler, Santos, and Akartunali
[4]. To accurately model item perishability, the variable redefinition technique introduced by Ep-
pen and Martin [1] was adopted, enabling a suitable representation of product shelf life within the
planning horizon. This study aims to apply Lagrangian Relaxation and heuristic methods to the
Lot-Sizing Problem with Perishable Products and Production Lines Sharing Scarce Resources. The
main objective is to improve upon the results reported in the literature, particularly on large-scale
instances that are often more computationally demanding. The implementation was carried out us-
ing the Python programming language, integrated with CPLEX, a high-performance optimization
solver widely adopted in operations research.
During the computational experiments, a significant increase in solution time was observed as the
instance size increased. To address this challenge, Lagrangian Relaxation was applied using the
subgradient method, which enables the decomposition of the original problem into more manageable
subproblems [5]. Also, feasibility and improvement heuristics were developed to generate good-
quality solutions efficiently. These heuristics were designed to accelerate convergence and enhance
solution quality by addressing infeasibilities and refining upper bounds. The computational results
indicated that the proposed approach significantly reduced processing time and, in some instances,
provided better-quality solutions than those obtained exclusively by CPLEX within the established
time limit.

Keywords Lot Sizing Problem · Lagrangian Relaxation · Subgradient Method · Heuristics
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ABSTRACT

In this paper, a transformation operator defined in the fractional derivative approach is presented,
which is different from the generally known concept of transformation operator. This construction,
which is developed with the local M- derivative defined via the Mittag-Leffler function, offers an
alternative approach to classical models. As an alternative to the limitations of classical derivatives,
this local M- derivative offers more flexible solutions, especially for fractional order differentiation.
In this context, it is shown that the kernel function of the transformation operator defined in the paper
corresponds to the solution of the given spectral problem under certain conditions. Mathematical
tools such as the partial M- derivative concept based on the local M- derivative and integration by
parts formula were used in the study. These mathematical tools contribute to the solution of both
theoretical and applied problems and offer a more comprehensive approach compared to classical
derivative methods. The theoretical results obtained are supported with visuals to provide a more
tangible understanding of the results. As a result, this study shows how fractional derivatives can be
used more flexibly and effectively as an alternative to traditional mathematical methods [1-5].
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ABSTRACT

Let X be a nonempty set and T : X → X be a self mapping. If there exists a point x ∈ X such
that Tx = x, then x is called a fixed point of T . Banach [1] gave the famous Banach contraction
principle as follows:

"Let (X, d) be a complete metric space and T be a self-mapping on X . If there exists κ ∈ [0, 1)
such that d(Tx, Ty) ≤ κd(x, y), for all x, y ∈ X . Then, T has a unique fixed point. Furthermore,
the Picard iteration {xn} defined by xn = Txn−1, for all n ∈ N, converges to the fixed point of T ."

Banach contraction principle has been generalized by many researchers by revising the topology
of the space or the contractive condition of the mapping T . With Berinde’s [2] introduction of
enrichment concept on Banach spaces, fixed point results for enriched contraction mappings became
popular for researchers. In [2], enriched contraction introduced as follows:

Let (X, ∥.∥) be a linear normed space. A mapping T : X → X is said to be an enriched contraction
if there exists b ∈ [0,∞) and θ ∈ [0, b+ 1) such that

∥ b(x− y) + Tx− Ty ∥≤ θ ∥ x− y ∥ for all x, y ∈ X. (1)

Moreover, they proved some fixed point theorems for Banach spaces by using Krasnoselskij iteration
given by

xn+1 = (1− λ)xn + λTxn, n ∈ N (2)

B-metric space has been introduced by Bakhtin [3] and researchers obtained many fixed point results
in b-metric spaces. In [4], convex b-metric space was introduced and some fixed point theorems
were extended to this new concept. Quasi-norm, which is a very related concept with the b-metric
spaces, was given by Hyers [7]. Recently, Berinde [5] proved some fixed point results for enriched
contraction mapping in quasi-norm spaces which are the generalizations of many enrichment results.
In this work, we introduce the enriched rational type contraction mapping which is an extension of
the contraction mapping given in (1) and we present some fixed point theorems for enriched rational
type contractions in quasi-norm spaces and we obtain an extension of Dass-Gupta rational type fixed
point result given in [6] to the enrichment concept by using Krasnoselskij iteration procedure. Also,
we examine weak enriched rational type contraction by Kirk’s iteration. Morever, by introducing the
notion of generalized convex b-metric space, we give some fixed point results in generalized convex
b-metric spaces.

Keywords Fixed point · Enriched rational type contraction · Quasi-norm
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ABSTRACT

Principal bundles with a complex reductive structure group are geometric objects of great relevance
in mathematical research and provide numerous applications [1]. The theory of principal bundles
with prescribed monodromy, based on the theory of principal bundles to which an additional struc-
ture is included, represents a significant area of research at the intersection of differential geometry
and algebraic topology, with applications in robotic navigation and control systems. The present
work makes original contributions to this field, building upon established foundations in the geo-
metric theory of bundles [2] and representation spaces [7]. Operating within the context of compact
Riemann surfaces with punctures [11], this research develops a novel characterization of principal
G-bundles for complex reductive Lie groups equipped with connections having prescribed mon-
odromy around specified points. This approach extends classical results from Simpson [14] on
moduli spaces of representations to new contexts with direct applications to engineering problems.
The core innovation of the present research lies in establishing a precise bijective correspondence
between character varieties and moduli spaces of principal bundles with prescribed monodromy.
Explicit dimensional formulas are provided that quantify how the topological complexity of the un-
derlying surface, the structure of the Lie group, and the nature of the prescribed monodromy classes
interact to determine the global geometry of the moduli space. These formulas reveal that, for a
semisimple Lie group G, the dimension depends on both the genus of the surface and the dimen-
sions of the conjugacy classes involved. This provides new insights into the geometric structure of
these spaces beyond what was previously understood through the work of Hitchin [8] and Boalch
[4], and further developed in recent research [5]. This study also offers a detailed analysis of the
singularity structure of these moduli spaces, connecting them to bundles with non-trivial automor-
phism groups in a way that extends traditional approaches from geometric invariant theory [12].
The most significant contribution of this work is the development of a geometric framework for
applying the theory of principal bundles with prescribed monodromy to control systems operat-
ing in topologically complex environments. Thus, by reformulating the navigation problem for
robotic systems [13] as a question about connections on principal bundles over punctured surfaces,
the research connects geometric structures on principal bundles and engineering challenges. This
approach builds upon but substantially extends the geometric formulation of robot navigation in-
troduced by Koditschek and Rimon [9], providing a more sophisticated treatment of the topological
constraints that arise in obstacle avoidance problems. We demonstrate how the local geometry of the
moduli space can be interpreted as a measure of the sensitivity of control strategies to perturbations,
offering a precise way to quantify robustness that goes beyond the algorithmic approaches typically
found in works like that of LaValle [10].
Another original contribution is the characterization of when two control strategies can be continu-
ously deformed into one another while maintaining obstacle avoidance constraints. By identifying
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the obstruction to such deformations as an element of a specific cohomology group, the work estab-
lishes a topological classification of control strategies that provides new insights into the fundamen-
tal limitations of control system design. This approach connects to recent developments in applied
algebraic topology for dynamical systems [3].
The methodology used in this research builds bridges between the algebraic geometric theory of
principal bundles and character varieties and engineering concerns in control theory. This is in line
with certain emerging approaches in computational topology for data analysis [6] but with a focus
on continuous dynamical systems rather than discrete data structures.

Keywords Principal G-bundles · Prescribed monodromy · Character varieties · Moduli spaces ·
Topological control theory
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LIMIT DISTRIBUTIONS OF EXTREME ORDER STATISTICS FOR
THE GENERALIZED PARETO DISTRIBUTION

Çağatay Çetinkaya1,*, İsmet Birbiçer2,
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ABSTRACT

The generalized Pareto distribution (GPD) is a useful probability model in the case of exceedance
above a high threshold. It can be reduced to uniform, exponential, and Pareto distributions ac-
cording to different values of its parameters. The GPD is widely used in various fields, including
actuarial sciences, economics, engineering, and numerous other disciplines ([1, 2]). Considering the
importance of extreme values in applications, we study the necessary and sufficient conditions of
the domain of minimal and maximal attractions for the GPD. Domains of the minimal and maximal
attractions are obtained based on the various cases of the shape parameters. Necessary and sufficient
conditions are checked for convergence for minimum and maximum order statistics following the
result summarized by Fisher and Tippett [3]. The asymptotic results are compared with exact values
by variability measures.

Keywords Asymptotic distribution · Domain of attraction · Extreme value theory · Order statistics ·
Generalized Pareto distribution
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ON GAUSSIAN GENERALIZED EDOUARD NUMBERS
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ABSTRACT

In the literature, many studies have been devoted to Gaussian numbers whose components are taken
from special integer sequences, such as Fibonacci, Lucas, Pell, and Jacobsthal, ( see [1, 2, 3, 4,
5, 6, 8], and references therein). Gaussian numbers have an algebraic and geometric structure,
but especially when they are elements of recurring sequences, such as Horadam’s and Leonardo’s
numbers, they define complex generalizations of generalized Fibonacci numbers.
This numbering system, the Gaussian numbers, was introduced by Horadam in [4]. Consider the
field of complex numbers, denoted by (C,+, ·). The set of complex numbers is defined as C =
{a+ bi | a, b ∈ R and i2 = −1}, where i is the complex unit. It was established that (C,+) and
(C, ·) are abelian groups. A Gaussian number is a complex number z = a + bi, where a and b are
integers, see [2].
Following the definition given in [5], the Gaussian Fibonacci sequence of numbers {GFn}n≥0

and the Gaussian Lucas sequence of numbers {GLn}n≥0 are defined by the recurrence relation
GFn+1 = GFn + GFn−1i, where GF0 = i, GF1 = 1, and GLn+1 = GLn + GLn−1i, where
GL0 = 2− i, GL1 = 1+2i, respectively. Some identities involving Gaussian Fibonacci sequences
are established in [2].
In this article, we introduce the generalized Gaussian Edouard numbers {GWn}n≥0 defined by the
recurrence relation

GWm = 7GWm−1 − 7GWm−2 +GWm−3,

with arbitrary initial conditions GW0, GW1, GW2. We establish the recurrence relation, generating
function and the Binet formula for this new sequence of numbers.
As particular cases, when GW0 = 0, GW1 = 1, GW2 = 7 − i, we have the Gaussian Edouard
numbers {GEn}n≥0, and by taking GW0 = 3, GW1 = 7 − 3i, GW2 = 35 − 7i, we get the
Gaussian Edouard–Lucas numbers {GKn}n≥0. The relations of these new particular sequences
with the Gaussian Balancing and Gaussian Lucas-Balancing numbers (see [8]) are explored, and
some new identities are provided.

Keywords Generalized Edouard numbers · Generating function · Binet’s formula · Identities
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ANALYSIS OF A GENERALIZED ROBIN–STEKLOV EIGENVALUE
PROBLEM WITH THE (P,Q)-LAPLACIAN

Burlacu(Iordachianu) ANDREEA-LAURA1,*,

1Doctoral School of Mathematics, Ovidius University of Constanta, Romania

ABSTRACT

In this paper, we investigate an eigenvalue problem driven by the (p, q)−Laplacian, involving pos-
itive potentials and parametric boundary conditions. By employing the Nehari manifold method
along with variational techniques, we prove the existence of a nontrivial open interval I ⊆ R such
that every λ ∈ I is an eigenvalue of the problem.

Keywords Eigenvalues · (p, q)− Laplacian · parametric boundary condition · Nehari manifold
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TRANSMISSION EIGENVALUE PROBLEMS WITH
NEUMANN–ROBIN BOUNDARY CONDITIONS INVOLVING THE P-

AND Q-LAPLACIAN
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ABSTRACT

This work investigates a transmission eigenvalue problem with Neumann–Robin boundary con-
ditions. The existence of an infinite sequence of eigenvalues is established using Lus-
ternik–Schnirelmann theory, applied in the setting of C1- Banach manifolds and based on the Kras-
noselskii genus. This variational approach enables us to prove the existence of an unbounded se-
quence of eigenvalues associated with the problem.

Keywords Nonlinear transmission problem · p-Laplacian · Sobolev spaces · Krasnoselskii genus ·
Lusternik–Schnirelmann theory.
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ABSTRACT

If N(V ) ∪ S ̸= ∅, then a set S ⊆ V (G) is a dominate set in G. For each vertex v ∈ V − S.
The dominance number of G, represented as γ(G), is the minimal cardinality of all dominating
sets in the graph. Now what do we mean by perfect domination? Suppose G is graph, simple and
connected. If exactly one element of S dominates x ∈ V (G)\S, then the dominating set S ⊆ V (G)
is termed to as the perfect dominating set of G. The minimum cardinality of a perfect dominating
set of G is a perfect domination number, denoted as γp(G). The Ottomar graph, represented in this
study as O(n,m), is the graph Cn, n ∈ Z+, n ≥ 3, with a vertex connected to a vertex of Cm,
m ∈ Z+, n ≥ 3 by a path P2. Cm is called foot (plural: feet), while Cn is called the heart. In this
work, dominating, inverse dominating, and the perfect domination number of an Ottomar graph are
studied. The minimal cardinality of a perfect dominating number of an Ottomar graph is represented
by γp(On,m). We also study the invers perfect dominate of Ottomar γ−1

p (On,m), then the perfect,
dominating set of γ−1

p (On,m) cardinality is called γ−1
p (On,m)-set.

Keywords Ottomar graph · Perfect domination · Domination · Inverse · Inverse domination ·
Inverse perfect domination
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ABSTRACT

A principal G-bundle P over a manifold M consists of a total space P , a base space M , a projection
π : P → M , and a free right action of a Lie group G on P that preserves the fibers of π. These
geometric objects provide a natural framework for studying systems with internal symmetries [1]. In
this context, connections on principal bundles represent geometric structures that enable horizontal
lifting of curves from the base space to the total space, facilitating the study of parallel transport and
holonomy. Logarithmic connections, a specific class of connections with simple poles at designated
points, emerge in the study of differential equations with regular singular points and provide a rich
geometric structure for analyzing control systems. The monodromy of a logarithmic connection,
which measures the holonomy around loops encircling the singular points, serves as a topological
invariant that characterizes the global behavior of the connection.
Isomonodromic deformations constitute particularly interesting families of connections, where the
monodromy representation remains constant as the connection varies. These deformations are gov-
erned by the Schlesinger equations, a system of non-linear partial differential equations that describe
how the residues of the connection must evolve to preserve the monodromy [5].
Control systems on manifolds represent a fundamental area of study in control theory, with appli-
cations ranging from robotics to aerospace engineering. The geometric approach to control theory,
pioneered by [4], applies differential and algebraic geometry for understanding controllability, sta-
bility, and optimality of trajectories. When the configuration space possesses non-trivial topology,
as is often the case for mechanical systems with constraints or symmetries [2], the geometric per-
spective becomes essential for a comprehensive analysis.
The main contribution of this work is the establishment of a precise correspondence between
isomonodromic deformations of logarithmic connections on principal G-bundles and control sys-
tems on Riemann surfaces. This correspondence illuminates the geometric structures underlying
controllability and optimality of trajectories, leading to several key insights. First, the monodromy-
curvature correspondence serves to show how the curvature of a pulled-back connection relates to
the residues of the original logarithmic connection. This result provides a bridge between the local
differential structure of the connection and its global topological properties, allowing for a more
comprehensive understanding of the system’s behavior. Second, the structure of isomonodromic
deformations is characterized through a non-linear partial differential equation satisfied by the map
from the Riemann surface to the homogeneous space G/H , where H is a maximal compact sub-
group of G. This equation encodes the evolution of the connection as the singular points move,
providing a concrete description of how the geometry changes during the deformation.
The central theorem establishes a precise relationship between isomonodromic families of logarith-
mic connections and G-equivariant control systems on the total space of the principal bundle. This
theorem demonstrates that the controllability of the system is equivalent to the condition that the
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residues of the connection generate the full Lie algebra g under the Lie bracket operation. Further-
more, the trajectories of the control system project to geodesics on the Riemann surface with respect
to a metric determined by the monodromy data, and the optimal control functions minimizing a
quadratic cost functional correspond precisely to isomonodromic deformations of the connection.
As explored by [3] in a work on nonholonomic mechanics, systems with constraints require geomet-
ric techniques for effective control. Thus, the approach developed here provides a systematic method
for designing robust controllers that account for the geometric complexities of the task space, ensur-
ing optimal performance even in challenging environments.
This geometric framework is extended to control systems with non-holonomic constraints, estab-
lishing a representation in terms of families of logarithmic connections where the singular points
encode the geometric properties of the constraint distribution. This extension provides a tool for an-
alyzing systems with velocity constraints, such as wheeled robots or underwater vehicles. This has
implications beyond robotic control, extending to areas such as quantum control theory, where the
geometric phases become crucial for understanding the evolution of quantum systems. The connec-
tion with integrable systems, emphasized by [6], suggests potential applications to machine learning
algorithms for control on manifolds, where the preservation of geometric structures could lead to
more efficient and robust learning processes.
Finally, a detailed computational example for SU(2) connections over a hyperbolic Riemann sur-
face of genus 2 is provided, illustrating the applicability of the geometric framework. The example
considers the specific case of controlling the orientation of a robot moving on a curved surface,
demonstrating how the abstract theory translates into concrete control strategies. It begins with the
choice of three singular points in the upper half-plane and the definition of residues that form a basis
for the Lie algebra su(2), ensuring controllability of the system. The computation of the map from
the Riemann surface to the homogeneous space SU(2)/U(1) and the associated metric provides
insight into the geometric structure induced by the connection. The geodesics with respect to this
metric correspond to optimal trajectories for the control system, minimizing a quadratic cost func-
tional related to the energy expenditure of the control inputs. The resulting control strategy guides
the robot along a nearly vertical path in the upper half-plane while optimally adjusting its orien-
tation, with robustness to perturbations ensured by the isomonodromic property of the connection.
The robustness of this control strategy stems from the isomonodromic property: small perturbations
of the path preserve the monodromy representation, ensuring that the system can recover from dis-
turbances without significant deviations from the optimal trajectory. This property is particularly
remarkable for robotic systems operating in uncertain environments or on surfaces with varying cur-
vature, as discussed by Marsden and Ratiu [7].
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ABSTRACT

In this study, a fourth-order nonlinear differential boundary value problem is considered. The prob-
lem has a structure in which the solution function depends on both itself and its first derivative, and
it is defined by symmetric mixed boundary conditions. First, the Green’s function appropriate to the
problem is constructed. Then, the existence, uniqueness, and iterative convergence of the solution
are proven using the Picard iteration method in conjunction with the Banach fixed point theorem.
Theoretical results are supported by a numerical example, and it is observed that the iteration pro-
cess converges rapidly..
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IMAGE PROCESSING
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ABSTRACT

We propose two novel inertial algorithms for solving variational inequality problems in Hilbert
spaces. The first method integrates the golden ratio technique into a two-step subgradient extra-
gradient framework, achieving weak convergence under monotonicity and R-linear convergence
under strong monotonicity. The second algorithm modifies this approach to ensure strong conver-
gence of the generated sequence. Both methods employ adaptive step sizes, eliminating the need
for Lipschitz constant estimation or line search. Numerical experiments demonstrate their competi-
tive performance compared to existing techniques. Additionally, applications in signal recovery and
image restoration highlight their practical superiority over state-of-the-art methods.

Keywords Golden Ratio Technique · Inertial Two-subgradient Extragradient Method · Variational
Inequality Problems · Monotone VIPs · Self-adaptive Step Sizes · Image Restoration · Optimization
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ABSTRACT

In the 17th century, Georg Christoph Lichtenberg (1742–1799), as a result of his research on Chinese
rings, introduced the following recurrence

Lin = 2n − 1− Lin−1 , (1)

for all integer n ≥ 1, and with initial values Li0 = 0 (see sequence A000975 in [8]). Hinz [5]
and Cerda-Morales [3] called the sequence of numbers {Lin}n≥o, the Lichtenberg numbers and
established the nonhomogeneous recurrence relation

Lin = Lin−1 + 2Lin−2 + 1 , (2)

for all integer n ≥ 2, with initial terms Li0 = 0 and Li1 = 1. Equation (2) defines the sequence
of Ernst numbers introduced by Soykan in cite soykan2022. For historical reasons, we will use the
name Lichtenberg numbers, according to the authors Hinz [5], Stockmeyer [6], and also Heeffer and
Hinz [7].
The Lichtenberg numbers are interesting because they are closely related to the well-known Jacob-
sthal numbers. The sequence of Jacobsthal numbers is denoted by {Jn}n≥0 and defined by the
recurrence relation Jn = Jn−1 + 2Jn−2 with initial values J0 = 0 and J1 = 1 ( see sequence
A001045 in [8]). In fact, Cerda-Morales [3] determined the identity

Lin =
Jn+2 − 1

2
. (3)

On the other hand, we highlight the work of Anatassov in [1, 2], who introduced a generalization of
s-Jacobsthal numbers, as follows

J(s,n) =
sn − (−1)n

s+ 1
, (4)

for every integer n ≥ 2, arbitrary real number s, and initial values J(s,0) = 0 and J(s,1) = 1. In
addition, we can define the s-Jacobsthal-Lucas numbers as follows

j(s,n) = sn + (−1)n, (5)

for n ≥ 2, and with j(s,0) = 2 and j(s,1) = 1.
Motivated by identities (3) and (4), our goal is to introducethe s-Lichtenberg and s-Lichtenberg-
Lucas numbers for some real s, and study some properties of this new sequence of numbers. More
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precisely, we give a recurrence for the s-Lichtenberg and s-Lichtenberg-Lucas numbers by using,
respectively, the s-Jacobsthal and s-Jacobsthal-Lucas numbers. We show a relation between the
s-Lichtenberg, s-Lichtenberg-Lucas, s-Jacobsthal and s-Jacobsthal-Lucas numbers and explore the
connection between the s-Lichtenberg numbers, the Lichtenberg numbers, and the Jacobsthal num-
bers establishing some properties related to the s-Lichtenberg and s-Lichtenberg-Lucas numbers.
In addition, Binet’s formulas are obtained. Finally, we examine some properties of these new se-
quences, including the classical identities.
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A(2)
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ABSTRACT

A Chlodowsky variation of generalized Szász type operators and a novel sequence of operators,
containing the Appell polynomials of class A(2), are the subjects of this study. Approximation
properties and convergence results are given by using different types of modulus of continuity with
the help of Steklov function. A weighted space of functions constructed on [0,∞) is used to study
the convergence features of these operators. Theoretical conclusions are demonstrated by using the
Gould-Hopper and Hermite polynomials.
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ABSTRACT

Integer-valued autoregressive models play a significant role in the study of count time series. These
models are composed of the survival and the innovation component. In this study we discuss models
with a non-linear structure, where the non-linearity is achieved by modifying the survival compo-
nent. Namely, the idea is to introduce some additional processes into the survival component in
order to control the influence of the previous values on the current one. Although autoregression
is inherent in the series, we aim to enhance or diminish its effect by incorporating this additional
process. Its affect on the model is with a certain probability. The methods for the parameters esti-
mation are presented and their efficiency is investigated on simulated data sets. The application of
the model is discussed through some real data sets.

Keywords INAR · Binomial thinning operator · Negative binomial thinning operator
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[5] Popović, P.M. (2021). A MIXED BILINEAR INAR (1) MODEL. Facta Universitatis, Series:
Mathematics and Informatics, 143–156.
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ON COMPLEX SEQUENCE OF VIETORIS’ NUMBERS AND THEIR
FINITE SUMS
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ABSTRACT

Special integers sequences and their properties have been the center of attention for many authors in
number theory. Their polynomial sequences, hybrid extensions, hypercomplex applications, partial
sums and congruences, quaternionic sequences and etc. are the focus of many studies. In this study,
motivated by a rational sequence known as Vietoris’ numbers, we investigate the complex sequence
of Vietoris’ numbers and their properties. Some recurrence-like relations and norm identities of this
sequence are established. Moreover, we deduced some finite summations involving the terms of
complex Vietoris’ numbers.
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ABSTRACT

The well-known Pell polynomial sequence, denoted by {Pn(x)}n≥0 is defined by the initial condi-
tions P0(x) = 0, P1(x) = 1, and the recurrence relation Pn+1(x) = 2xPn(x) + Pn−1(x), for n ≥
1, as presented in the literature ( see, for example, [1], [4],[5]). Generalizations of this sequence
can be found in the literature (see, for instance, [3], [8], [5]), along with numerous applications in
algebra, analysis, combinatorics, and matrix theory. In [8], the Pell fundamental system is defined
by the recurrence relation P

(s)
n = P

(s)
n−1+P

(s)
n−2+ · · ·+P

(s)
n−r, n ≥ r, with initial conditions given

by P
(s)
n = δs−1,n, 0 ≤ n ≤ r − 1. Thus, considering these results, in this work, we focus on a

generalization given by the following linear difference equation of order r ≥ 2:

Pn(x) = 2xPn−1(x) +
r−1∑
i=1

Pn−i−1(x), ∀n ≥ r, (1)

with the initial conditions P0(x), P1(x), . . . , Pr−1(x). We call the class of polynomials given by
Equation (1) the Pell polynomials. Our goal is to study Equation (1) via Pell fundamental system
and the companion matrix associated. Considering the properties of the fundamental system, that is,
the relationship between the sequences of Pell polynomials, as well as the connection of this family
of sequences with the power of the associated companion matrix, several new results are derived,
that is, new results of generalizations of properties already known for Pell polynomials or even Pell
numbers.
Based on the connection between Markov chains and sequences of linear recurrence relations pre-
sented in [6] and results presented in [2], several combinatorial results for generalized Pell polyno-
mials are derived.
In [6] we have that for n > m ≥ r, the number ρ(n,m) is a probability, given by:

ρ(n,m) =
∑

k0+2k1+···+rkr−1=n−m

(k0 + · · ·+ kr−1)!

k0!k1! . . . kr−1!
ak0
0 . . . akr−1

r . (2)

In [2] we have that the entries of the power of an associated companion matrix can be written as:

c
(n)
ij =

∑
k1+2k1+...+mkm=n−i+j

kj + · · ·+ km
k1 + · · ·+ km

(k1 + · · ·+ km)!

k1!k1!...km!
ak1
1 ...akm

m , (3)

Thus, considering these results, we can write the entries of the companion matrix associated with
the Pell polynomials and obtain the following expression.
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P (r)
n (x) = ρ(n+ 1, r) =

∑
k0+2k1+···+rkr−1=n+1−r

(k0 + · · ·+ kr−1)!

k0!k1! . . . kr−1!
(2x)k0 , n ≥ r, (4)

where ρ(1, r) = · · · = ρ(r − 1, r) = 0 and ρ(r, r) = 1.

Keywords Generalized Pell polynomials · Fundamental system · combinatorial identities ·
Companion Matrix
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ABSTRACT

A very important sequence in the area of discrete mathematics as well as in Number Theory is given
by the recurrence relation Pn = 2Pn−1, with P0 = 1. It refers to the powers of the integer 2, since
Pn = 2n for all n ≥ 0. This sequence is closely linked to Set Theory, as it represents the number of
subsets of a set with n elements ([3], p. 8). By the other hand, this sequence represents the number
of compositions of the integer n (see [4], Eq. (39)). Furthermore, several other interpretations are
associated with the sequence {Pn}n≥0, as can be seen in [7].
However, in this work, we focus on a q-analogue of the sequence {Pn}n≥0, which is a polynomial
in the indeterminate q that generalizes the sequence under consideration. That way, consider the
following bi-periodic sequence with variable coefficients,

Pn(q) =

{
(1 + q)Pn−1(q) + (q2n − q)Pn−2(q), if n is even

(1 + q)Pn−1(q) + (q2n−1 − q)Pn−2(q), if n is odd , (1)

and with initial conditions P0(q) = 1 and P1(q) = 1 + q. Clearly, when q = 1, we have Pn(1) =
Pn = 2n, regardless of the parity of the sequence index. Although Equation (1) yields a bi-periodic
polynomial sequence, we can represent {Pn(q)}n≥0 as

Pn(q) = (1 + q)Pn−1(q) + (q2n−ξn − q)Pn−2(q),

where ξn =
1− (−1)n

2
=

{
0, if n is even
1, if n is odd is the parity function defined by [2]. Now, observe

that, if we substract Pn+1(q)− Pn(q) when n is even and odd, respectively, we obtain

Pn+1(q) = (2 + q)Pn(q)− (1 + 2q − q2n+1)Pn−1(q) + (q − q2n)Pn−2(q), (2)

Pn+1(q) = (2 + q)Pn(q)− (1 + 2q − q2n+2)Pn−1(q) + (q − q2n−1)Pn−2(q). (3)

Thus, Equations (2) and (3) allows us to establish that the sequence {Pn(q)}n≥0 satisfy the following
property

Pn+1(q) = (2 + q)Pn(q)− (1 + 2q − q2n−ξn+1+2)Pn−1(q) + (q − q2n−ξn)Pn−2(q), n ≥ 2. (4)
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Consider the vector Yn = (Pn(q), Pn+1(q))
T . Then, from the recursive process we find that Equa-

tion (1) can be represented in matrix form as Yn+1 = Tq(n + 1)Y0, where Tq(n) :=

∗,n−1∏
h=0

Lq(h)

is the second order transition matrix, Lq(n) is the companion matrix associated to Equation (1) and
Y0 is the vector of initial conditions. Thus, in order to find explicit formulas for the entries of Tq(n),
we will consider the canonical solutions ψ(0)

n (q) and ψ(1)
n (q) of Equation (1), which are defined, for

s ∈ {0, 1}, as ψ(s)
n (q) := detΦ

(s)
n−1, for n ≥ 2 and, when n = 0, 1, we define ψ(s)

n (q) = 1 for
n = 1− s and 0 otherwise.
The matrix Φ

(s)
n−1 is the tridiagonal matrix generated by the first n − 1 rows and columns of the

infinite matrix Φ(s), namely

Φ(s) =


p1+s,0(q) p2+s,1(q)

−1 p1,1(q) p2,2(q)
−1 p1,2(q) p2,3(q)

. . . . . . . . .

 ,

where p1,n(q) = 1+q, p2,n(q) = q2n−ξn+4−q and with pm,n(q) = 0 wheneverm > 2. Then, from
the previous data, we are able to show that the explicit determinantal expression for the sequence
{Pn(q)}n≥0 is given by

Pn(q) = (1 + q)ψ(0)
n (q) + ψ(1)

n (q), (5)

for all n ≥ 0. Thus, from the formulas for the determinants {ψ(s)
n (q)}n≥0 obtained in [1], we

can establish an explicit formula for Equation (5) in terms of nested sums. By the other hand,
the sequence {Pn(q)}n≥0 offer interesting combinatorial interpretations for some series-product
identities, listed by Slater in [6] and also by Santos in [5].

Keywords Powers-of-two sequence · Recurrence relations · Variable coefficients · Bi-periodic
sequences · Determinantal approach
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GEODESICS ON SPACE–LIKE HELICOIDAL SURFACES IN
MINKOWSKI 3–SPACE

Murat BABAARSLAN1,∗, Funda BABAARSLAN2
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ABSTRACT

In this talk, the equations of geodesics on the space–like helicoidal surfaces in the forms of integral
will be found by using Euler–Lagrange equations in Minkowski 3–space. Since the all formulas are
rather cumbersome for calculations, Simpson’s formulas to calculate certain integrals will be used.
Acknowledgements The authors gratefully thank the financial support provided by the Scientific
Research Projects Unit of Yozgat Bozok University (Grant No: FHD–2025–1667).
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ON GENERALISED LEONARDO NUMBERS
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ABSTRACT

The Leonardo sequence (Len) is defined by the inhomogeneous recurrence relation
Len = Len−1 + Len−2 + 1 , for n > 2, (1)

with initial conditions
Le0 = Le1 = 1 . (2)

Alternatively, it can be defined by the homogeneous recurrence relation
Len = 2Len−1 − Len−3 , for n > 3, (3)

where in this case Le0 = Le1 = 1 and Le2 = 3 are the initial conditions. As with so many
mathematical concepts, it is not always easy to establish when Leonardo numbers were first defined.
This sequence has a sui generis history: first we found its extensions and more recently its interest
has been reborn through very particular cases of them.
This talk covers some of the history of Leonardo numbers. We retrieve some of the most recent
results on this sequence, as well as some relevant historical interconnections. Next, we present a
matricial approach based on the determinant of certain Hessenberg matrices to finding the gener-
ating function of homogeneous recurrence relations, applying it in some examples after converting
the inhomogeneous initial to the pertinent homogeneous form. In the end, we also provide some
conjectures and open problems for some of its extensions involving the modular periodicity.
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CHARACTER-THEORETIC APPROACHES TO DIFFERENCE SETS

Emek DEMİRCİ AKARSU1,*

1Recep Tayyip Erdoğan University, Department of Mathematics

ABSTRACT

Let G be a finite abelian group of order v, and let D ⊆ G with |D| = k. D is called a (v, k, λ)-
difference set if the list of differences {d − d′ | d, d′ ∈ D, d ̸= d′} covers every nonzero element
of G exactly λ times. Character theory provides a powerful algebraic method for investigating such
sets, particularly through the evaluation of group character sums.
In this study, we explore the classical character-theoretic condition which states that D ⊆ G is a
(v, k, λ)-difference set if and only if for every non-principal character χ of G,∣∣∣∣∣∑

d∈D

χ(d)

∣∣∣∣∣
2

= k − λv.

Using this condition, we investigate known difference sets such as the Singer difference sets and
difference sets arising from cyclotomic classes in finite fields Fq , where q ≡ 1 (mod n).
Furthermore, we apply group ring techniques to represent subsets of G as formal sums in Z[G], and
express the difference set condition as:

DD(−1) = k · 1G + λ(G− 1G),

where D(−1) = {d−1 | d ∈ D} and 1G is the identity of G. This formulation connects combinatorial
properties to algebraic identities and facilitates computer-aided verification.
Our work emphasizes how character sums not only simplify verification of known constructions but
also guide the discovery of new families of difference sets. The results suggest further applications
in combinatorial design theory, coding theory, and finite geometry.
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THE HYBRID DECISION-MAKING MODEL WITH THE NEW
FERMATEAN FUZZY ENTROPY MEASURE

Murat Kirisci1,*
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ABSTRACT

This paper proposes a new Fermatean fuzzy entropy for Fermatean fuzzy sets. Fermatean fuzzy
entropy determines the quantity of information in the Fermatean fuzzy set. Thus, the proposed
entropy provides a new, flexible, valuable tool in complex multi-criteria problems where uncertain
data and inaccurate information are considered. In this study, an integrated multi-criteria decision-
making method consisting of entropy, the "Pivot Pairwise Relative Criteria Importance Assessment",
and "Measurement of Alternatives and Ranking according to Compromise Solution" methods based
on a Fermatean fuzzy set is presented.
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GRAPH-THEORETIC INSIGHTS INTO THE MOORE-PENROSE
INVERSE OF RECTANGULAR FIBONACCI MATRICES WITH

CRYPTOLOGICAL APPLICATIONS
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ABSTRACT

Cryptology, one of the key components of modern information security, continues to evolve in re-
sponse to vulnerabilities in traditional encryption methods. In addition to classical approaches based
on algebraic structures or number theoretic principles, the use of interdisciplinary mathematical
methods such as graph theory offers innovative possibilities to improve cryptographic security.
This research introduces a novel cryptographic framework that merges the inherent structural char-
acteristics of graph theory with Fibonacci-based matrices and their Moore-Penrose generalized in-
verses (pseudoinverses), offering a novel approach that exhibits robust resilience against conven-
tional cryptanalysis techniques. The study focuses on strengthening the role of graph theory in
cryptography by incorporating concepts such as complete graphs, weighted graphs, and cycles in
graphs. Although there are various studies in the literature on the use of the Fibonacci sequence as a
cryptographic key, the approach presented here, which combines the Moore-Penrose inverse of the
Fibonacci matrix with Graph Theory, introduces a relatively new perspective that has not yet been
widely explored in existing research. Thus, a hybrid model is created that incorporates the strengths
of both linear algebra and graph theory into the cryptographic process simultaneously. From an
information theoretic and computational security perspective, this model stands out by providing a
different perspective and an additional layer of protection compared to existing methods.

Keywords Graph Theory · Cryptography · Fibonacci Numbers · Fibonacci Q- matrix · The
Moore-Penrose Generalized Inverse
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LUCAS WAVELET SOLUTION OF MATHEMATICAL MODEL FOR
ALCOHOL ADDICTION
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1Izmir University of Economics, Department of Mathematics, İzmir, Turkey

ABSTRACT

This study focuses on the mathematical model of alcohol addiction with the influence of public and
private addiction treatment centers. The spread of alcohol consumption behaviour is given as an epi-
demic model through the potential drinkers, moderate drinkers, heavy drinkers and recovered class.
In this model, the recovery is achieved by the individual quitting alcohol consumption and stopping
by getting treatment. The influence on heavy drinkers of well-equipped advanced interventions and
non-advanced interventions with low quality services are analyzed through rich heavy drinkers and
poor heavy drinkers. So, the model describes the interaction between six compartments that are
potential drinkers (P), moderate drinkers (M), heavy drinkers (H), rich heavy drinkers (T r), poor
heavy drinkers (T p) and quitters (Q). The mathematical model is a system of six nonlinear ordinary
differential equations. The literature of this system lacks the analytic solution. So, in order to ob-
tain approximate solutions of the system, the Lucas wavelet method is used to solve the equations
numerically. Furthermore, we solve the model with different values of the parameters to investigate
the effects of the problem parameters on the spread of Alcohol consumption behaviour. The Lucas
wavelet method is easy to implement, since linearization of the nonlinear terms and discretization
of the time interval are not required. This provides a computational advantage for the method. In
order to examine the efficiency, the obtained solutions are compared with the fourth order Runge
Kutta method. The accuracy of the solutions is checked via residual error analysis, and the results
are given in graphics.

Keywords Alcohol Addiction · Mathematical Model · Treatment · Nonlinear System · Lucas
Wavelets
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QUANTUM CALCULUS AND FACTORIZATION OF FIBONACCI
NUMBERS

Oktay K. Pashaev*
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ABSTRACT

Factorization of q-deformed numbers [n]q and their generalizations in the set of the deformed prime
numbers with base parameters as powers of q is established. We start from simple identity

(1 + q)(1 + q2)(1 + q4)...(1 + q2
n

) =
1− q2

n+1

1− q
,

which can be interpreted it as factorization of q-numbers
n−1∏
k=0

[2]q2k = [2n]q

and generalize it for arbitrary number p. For |q| < 1 it includes an infinite product factorization of
[∞]q in q-deformed primes

∞∏
k=0

(1 + q3
k

+ q2·3
k

) =
1

1− q
=

∞∏
k=0

[3]q3k

For quantum calculus with two basis Q and q, factorization formulas include deformed numbers
with sequence of powers of Q and q. As a specific case with Q = φ and q = φ′ being the Golden
and the Silver ratio, we get factorization formula for Fibonacci number FN with arbitrary positive
integer N = pk1

1 pk2
2 ...pkn

n to the set of integer numbers

FN =

k1−1∏
m1=0

k2−1∏
m2=0

...

kn−1∏
mn=0

F
(p

m1
1 )

p1 · F (p
k1
1 p

m2
2 )

p2 · ... · F (p
k1
1 p

k2
2 ...p

kn−1
n−1 pmn

n )
pn

This set of integers is represented by higher Fibonacci numbers [1] or Fibonacci divisors F (k)
pl [2] of

prime numbers pl, with index k given by powers of pl. Due to divisibility of Fibonacci number Fnk

by Fk, so that Fnk : Fk = F
(k)
n , this factorization gives product of positive integer numbers.
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UNCERTAINTY RELATIONS AND ENTANGLEMENT FOR
PQ-DEFORMED SUPERSYMMETRIC COHERENT STATES
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ABSTRACT

We propose supersymmetric extension of deformed quantum oscillator with two parameters quan-
tum group structure. As particular cases, specified by values of P and Q parameters it includes
symmetric and non-symmetric q-oscillators, Fibonacci and Fibonacci divisors hierarchy of Golden
oscillators, Tamm-Dankov oscillator etc. By PQ-deformed supersymmetric annihilation operator,
the set of corresponding supersymmetric coherent states is introduced. The states are characterized
by the pair of PQ-quantum states from the Fock space or equivalently, by the set of infinite number
of qubit states. Entanglement of fermions with PQ-deformed bosons is characterized by the concur-
rence as the linear entropy, taking form of the Gram determinant of inner products. As shown, for
two types of the reference states, the concurrence depends on values of P or Q parameters, which are
equal to one for the maximally entangled states. Entanglement of the super-coherent states and the
uncertainty relations for the coordinate and momentum in these states are calculated. Non-classical
nature of the entangled states is reflected in non-minimal character of the uncertainty relations.

Keywords Coherent states · Supersymmetry · Quantum group · Entanglement
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ABSTRACT

Real-world applications of natural sciences frequently involve ambiguous or ill-defined solutions,
giving rise to inherent fuzziness. To deal with this, Zadeh in [8] suggested a rule to handle fuzziness
in design. Goguen in [4] later added to Zadeh’s work by looking at more general ordered struc-
tures beyond just the unit interval. Identifying the supremum and infimum of a fuzzy set typically
necessitates that the underlying partially ordered set (poset) constitutes at least a complete lattice
adhering to the distributive property. Aliprantis discussed the concept of ordered vector spaces in
his excellent book Positive Operators [1]. He further contributed to the concept of Riesz spaces,
along with several associated structures and properties. The concept of vector metric spaces, where
distances are measured in Riesz spaces, was initially presented in [2]. In [3], the parameter s was
considered as a vector within the framework of L-fuzzy sets introduced by Goguen [4], alongside
the fuzzy metric space formulated by Kramosil and Michálek [5]. To support this framework, the
order structure was incorporated into the concept of left-hand continuity. Consequently, left and
right order continuity notions were introduced to develop L-fuzzy vector metric spaces and their
non-Archimedean variants. On the other hand, in [6] Banach contraction theorem in M-complete
non-Archimedean fuzzy metric spaces was proved and the class of fuzzy contractive mappings was
enlarged. In [7] the common fixed point theorem in L-fuzzy metric spaces for arbitrary t-norms
was proved. This work make a contribution to the theoretical development of fuzzy vector metric
spaces and intuitionistic L-fuzzy metric spaces constructed over order structures extending beyond
the classical unit interval. It formalized the notions of left and right order convergence and continu-
ity in an intuitionistic non-Archimedean L-fuzzy vector metric space. In addition, it illustrates the
proposed definitions and establishes several well-known results. Furthermore, it proves the common
fixed point theorem in partially ordered intuitionistic L-fuzzy vector metric spaces for commuting
mappings. Finally, it addressed the necessity for further research in this area.

Keywords Intuitionistic L-fuzzy vector metric · The common fixed point theorem · Commuting
mappings · Riesz spaces
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ABSTRACT

In this work, every ring has an identity and every module over a ring R is a unitary left R−module.
Let M be an R−module and N ≤ M . If L = M for every submodule L of M such that M = N+L,
then N is called a small (or superfluous) submodule of M and denoted by N ≪ M . Let M be an
R−module and U, V ≤ M . If M = U + V and V is minimal with respect to this property, or
equivalently, M = U + V and U ∩ V ≪ V , then V is called a supplement of U in M . M is
called a supplemented module if every submodule of M has a supplement in M . The intersection
of all maximal submodules of an R-module M is called the radical of M and denoted by RadM .
If M have no maximal submodules, then the radical of M is defined by RadM = M . Let M
be an R−module and U, V ≤ M . If M = U + V and U ∩ V ≪ M , then V is called a weak
supplement of U in M . M is said to be weakly supplemented if every submodule of M has a
weak supplement in M . Let M be an R−module and K ≤ M . If K ≪ RadM , then K is
callled an r-small submodule of M and denoted by K ≪r M . Let M be an R−module and
U, V ≤ M . If M = U + V and U ∩ V ≪r V , then V is called an r-supplement of U in M . If
every submodule of M has an r-supplement in M , then M is called an r-supplemented module. Let
M be an R−module and U, V ≤ M . If M = U + V and U ∩ V ≪r M , then V is called a weak
r-supplement of U in M . If every submodule of M has a weak r-supplement in M , then M is called
a weakly r-supplemented module. In this work, some properties of weakly r-supplemented modules
are investigated. It is clear that every r-supplemented module is weakly r-supplemented. Because of
this weakly r-supplemented modules are more general than r-supplemented modules.

Keywords Small Submodule · Radical · Supplemented Module · r-Supplemented Module

References

[1] Clark J, Lomp C., Vanaja N., Wisbauer R., Lifting modules supplements and projectivity In
module theory, Frontiers in Mathematics, Birkhauser, Basel, 2006.

[2] Nebiyev C. and Ökten H.H., Some properties of r-small submodules, Erzincan University Jour-
nal of Science and Technology, 15(3): 996-1001, 2022.

[3] Nebiyev C. and Pancar A., On supplement submodules, Ukrainian Mathematical Journal, 65(7):
1071-1078, 2013.

[4] Nebiyev C. and Sökmez N., Some properties of r-supplemented modules, Miskolc Mathematical
Notes, 25(2): 933-938, 2024.

[5] Wang Y. and Ding N., Generalized supplemented modules, Taiwanese Journal of Mathematics,
10(6): 1589-1601, 2006.

[6] Wisbauer R., Foundations of module and ring theory, Gordon and Breach, Philadelphia, 1991.

*Corresponding Author’s E-mail: cnebiyev@omu.edu.tr

92



VI International Conference on Mathematics and its Applications in Science and Engineering
(ICMASE 2025)

GENERALIZED FOCAL CURVES OF HELICAL CURVES

Cvetelina DINKOVA1,*, Radostina ENCHEVA2

1Faculty of Mathematics and Informatics, Konstantin Preslavsky University of Shumen
2Faculty of Mathematics and Informatics, Konstantin Preslavsky University of Shumen

ABSTRACT

In the work [11] published in 2005, Uribe-Vargas gave the notions of focal curve and focal curvatures
of a Frenet curve in m + 1-dimensional Euclidean space Em+1, m ≧ 2. For any spherical curve,
the focal curve degenerates at the center of the sphere that contains the curve. That is why we study
generalized focal curves of spherical curves. We investigate the relations between the Frenet frames
and the differential-geometric invariants of a helical curve in three-dimensional Euclidean space
E3 and its closely related curve in four-dimensional Euclidean space E4. To obtain the parametric
representation of the generalized focal curve of a helical curve, the focal curve of the constructed
four-dimensional curve is used. Only helical curves, also known as curves with constant slope, will
be examined in this work. The case of non-helical curves is studied in [4]. We construct a new
curve in E4 (4D-curve) that is associative to a given space curve in E3. Then we find the focal curve
of the corresponding 4D-curve. The orthogonal projection of the obtained curve in E3 is called a
generalized focal curve of the initial curve. We provide a few helical spherical curve examples to
demonstrate the results that were obtained.
Let I ⊆ R be a zero-containing interval, and let α : I −→ E3 be a helical Frenet curve of class C4

with an arc-length parametrisation and a parametrical equation

α(s) =
(
x(s), y(s), a.s

)T
, s ∈ I, a = const, a ∈ (−1, 0) ∪ (0, 1).

The unit-speed curve γ that is closely related to α were studied in [9] and has a parametric equation

γ(s) =
(
x(s), y(s), cos(a.s), sin(a.s)

)T
, s ∈ I.

The curve γ is a well-defined non-spherical Frenet curve with Frenet frames, a focal curve, and focal
curvatures if α is a spherical space curve.

Keywords Frenet curves · Helical curves · Focal curves · Spherical curves
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ON T-SUPPLEMENTED MODULES
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ABSTRACT

In this work, all rings have identities and all modules over a ring R are unitary left R−modules. Let
M be an R−module and N ≤ M . If L = M for every submodule L of M such that M = N + L,
then N is called a small (or superfluous) submodule of M and denoted by N ≪ M . A submodule
N of an R−module M is called an essential submodule and denoted by N ⊴ M in case K ∩N ̸= 0
for every submodule K ̸= 0, or equvalently, N ∩ L = 0 for L ≤ M implies that L = 0. Let M be
an R−module and U, V ≤ M . If M = U + V and V is minimal with respect to this property, or
equivalently, M = U + V and U ∩ V ≪ V , then V is called a supplement of U in M . M is said
to be supplemented if every submodule of M has a supplement in M . If every essential submodule
of M has a supplement in M , then M is called an essential supplemented (briefly, e-supplemented)
module. Let M be an R−module. The radical of M is defined by the intersection of all maximal
submodules of M and denoted by RadM . If M have no maximal submodules, then the radical
of M is defined by RadM = M . Let M be an R−module. If every submodule of M which
contains RadM has a supplement in M , then M is called a strongly radical supplemented module.
Let M be an R−module and T ≤ M . M is called a T -supplemented module if every submodule
of M which contains T has a supplement in M . In this work, some properties of T -supplemented
modules are investigated. Let M be an R−module and T ≤ M . If M is supplemented, then clearly
we can see that M is T -supplemented. Because of this T -supplemented modules are more general
than supplemented modules. Let M be an R−module and T ≤ M . If M is T -supplemented and
T = RadM , then M is strongly radical supplemented.

Keywords Small Submodule · Radical · Supplemented Module · r-Supplemented Module
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ABSTRACT

In the context of engineering, first year students find it difficult to cope with the high mathematical
content of their degree, a large number of students find mathematics modules difficult in the first
year and, as a result, fail them. This hampers progression, retention and also the more demanding
advanced mathematics courses required in subsequent years.
The results of the mathematics diagnostic test administered in 2024 to first-year engineering stu-
dents at Universidad San Sebastián (Chile) revealed significant gaps in fundamental areas such as
operations with real numbers, basic algebra, equation solving, and problem-solving. This situa-
tion prompted the implementation of an innovative proposal called Taller de Aptitudes Lógicas y
Matemáticas (TALM), a course designed to strengthen students’ foundational mathematical compe-
tencies and enhance academic progression through an integrated approach.
TALM combines a face-to-face component with an online module. The in-person component fo-
cuses on the development of mathematical skills through the use of contextualised exercises, game-
based learning, and challenge-solving activities aimed at fostering active and collaborative learning
that aligns with students’ future professional practice. In parallel, the online component addresses
metacognitive and self-regulation aspects of learning (such as time management, motivation, and
study strategies), which are critical to sustaining academic effort during the transition to university
life.
This study presents a description of the instructional design of the TALM. It highlights the course’s
innovative and adaptive approach, as well as its potential for replication in other contexts facing sim-
ilar levelling challenges. The initiative forms part of a broader strategy to improve student retention,
promote equity, and enhance the quality of teaching in engineering programmes.

Keywords academic levelling · engineering · integrated mathematics education · active learning ·
games and challenges · contextualisation
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ABSTRACT

Hematologic diseases comprise a diverse set of disorders affecting the cellular components of the
blood, including leukemias, lymphomas, myelomas and myelodysplastic syndromes, among oth-
ers. These diseases significantly impact the physical, emotional, and social well-being of patients,
requiring comprehensive care that combines biomedical treatment with emotional support and ac-
cess to reliable information. This study presents an applied research project, developed through a
Service-Learning experience, in which university students analyzed clinical and psychosocial data
of hematological patients and their caregivers provided by the association AELCLÉS (Spanish Net-
work of Entities Against Leukemia and Blood Diseases). This association is a non-profit group that
was created from a group of entities related to blood diseases, in order to help restore the health of
people affected by oncohematological diseases and support their families and caregivers. In order
to make leukemia and other hematological diseases more visible, and to raise public awareness of
the importance of blood, bone marrow and umbilical cord blood donation, a structured survey was
passed to patients and caregivers to collect key information about their clinical situation, the emo-
tional impact they experience, the support resources available to them and their unmet needs, with
the ultimate goal of designing actions to improve their quality of life and strengthen the psychosocial
support network.
The database, which includes 234 records and 60 variables related to sociodemographic, clinical,
emotional and behavioral aspects, was cleaned and analyzed by students of different degrees under
academic supervision. First-year statistics students were in charge of data cleaning and prepara-
tion. The statistical analyses were distributed according to academic profile: Engineering students
applied descriptive techniques to characterize the sample; second-year Labor Relations students
carried out inferential tests to identify significant differences and relationships between variables;
finally, fourth-year Statistics students developed multivariate analyses, highlighting Multiple Cor-
respondence Analysis (MCA) and logistic biplots, which allowed the identification of relevant as-
sociations between clinical and emotional variables. The analyses were performed with statistical
software such as R, Python and SPSS.
The results revealed a greater representation of women in the sample, with an age distribution cover-
ing a wide range of ages. There were differences between sexes in the perception of immunological
status and in the manifestation of emotional sequelae. Likewise, territorial variations in the preva-
lence of the different hematological diagnoses were observed. Multivariate analyses made it possible
to identify key variables and explore the interrelationships in the data set, thus contributing to a bet-
ter understanding for the possible personalization of therapeutic interventions and the strengthening
of psychosocial support. This experience highlights the potential of Service-Learning to integrate
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rigorous technical training with the generation of applied knowledge of high social value, promoting
scientific competencies and ethical commitment in students.

Keywords Hematological diseases · Service-Learning · Statistical analysis · Multivariate analysis ·
Patient profile · Psychosocial care
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ABSTRACT

In this work, we explore a continuous-time predator-prey model of the Leslie-Gower type, extended
to include a biologically meaningful mechanism: the use of a physical refuge by a fraction of the prey
population. Specifically, we assume that the proportion of prey individuals that access the refuge
is directly proportional to the number of predators present in the environment. This assumption
introduces a nonlinearity that significantly influences the dynamics of the system.
We analytically investigate the conditions under which equilibrium points exist and assess their local
stability. Our analysis reveals that the origin, representing the extinction of both species, plays a
central role in the dynamics. It generates a separatrix curve in the phase plane that divides the space
of initial conditions into distinct behavioral regions. Trajectories that start above this separatrix
tend to the origin, indicating that both populations face extinction in the long term. On the other
hand, trajectories that originate below the separatrix may converge to a positive interior equilibrium,
reflecting stable coexistence, or exhibit sustained oscillatory behavior in the form of a stable limit
cycle.
This dual behavior highlights the importance of initial population sizes and the strength of the refuge
effect in determining long-term outcomes. The presence of a refuge can help sustain prey popula-
tions under predation, but under certain circumstances, it may also contribute to the extinction of
both species if the refuge is overutilized or ineffective due to high predator densities.
To complement the theoretical findings, we provide numerical simulations that illustrate the model’s
dynamics for different parameter values and initial conditions. These simulations confirm the ana-
lytical predictions and offer insight into how small changes in initial populations or refuge efficiency
can lead to markedly different ecological scenarios. Our results underscore the ecological relevance
of refuge mechanisms and contribute to a deeper understanding of predator-prey interactions.

Keywords Predator-prey dynamics · Leslie-Gower model · Refuge · Equilibrium stability ·
Nonlinear system
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ABSTRACT

In this work, a modified predator-prey model is analyzed, considering the Allee effect. To describe
the dynamics of the model, we demonstrate the existence of a positively invariant region, the bound-
edness, and the permanence of the trajectories. We provide necessary and sufficient conditions for
the existence and explicit form of up to two positive equilibria. One equilibrium is always a hy-
perbolic saddle, while the other can be an attractor, repeller, or weak focus. Additionally, we find
two key scenarios: (i) a separatrix curve on the phase plane dividing the behavior of trajectories into
qualitatively distinct regions, and (ii) a homoclinic curve generated by the stable and unstable man-
ifolds of a saddle point in the interior of the first quadrant. These structures highlight the system’s
sensitivity to initial conditions, particularly near the separatrix. Bifurcations can occur in the sys-
tem, including Hopf bifurcations, which further influence the model’s dynamics. Finally, numerical
simulations are presented to validate the analytical results.

Keywords Predator-prey model · Leslie-Gower · Strong Allee efect · Nonmonotonic functional
response · Equilibrium analysis
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OPTIMIZATION OF MAYER FUNCTIONAL IN OPTIMAL CONTROL
PROBLEM WITH DISCRETE INCLUSIONS

Sevilay Demir Sağlam*

Istanbul University, Department of Mathematics, Istanbul, Turkey

ABSTRACT

The optimization of Mayer functional in optimal control problems with discrete inclusions plays a
crucial role in mathematical modeling and engineering applications. This study explores necessary
and sufficient optimality conditions for discrete inclusions, incorporating Euler-Lagrange inclusions
and transversality conditions. Using locally adjoint mapping techniques, we derive Euler–Lagrange
and Hamiltonian-type conditions to establish a framework for solving discrete problems. The re-
sults contribute to the advancement of optimal control methodologies, offering new perspectives on
constrained mathematical programming problems.

Keywords Discrete inclusions · Optimality Conditions
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MATHEMATICAL MODEL FOR RED PALM WEEVIL INFESTATION
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ABSTRACT

In this study, we present a mathematical model to describe the population dy namics of the red
palm weevil, a serious pest of palm trees. The most dangerous stage of this insect is the larval stage,
which destroys the internal tissue of the palm. The mathematical model describes the different stages
of the red palm weevil. The model integrates the main biological interactions and environmental
factors that affect the insect’s life cycle. We perform a comprehensive dynamic analysis of the
model, identifying equilibrium points, evaluating their stability, and studying bi furcation. Overall
stability is analyzed using the appropriate Lyapunov function and employing the geometric approach
to investigate stability using the Lozinski measure. A sensitivity analysis is conducted to determine
the influence of various factors on the system’s behavior. Furthermore, we apply the Pontryagin
princi ple of extreme values to formulate an optimal control problem aimed at reducing infestations
through targeted interventions, such as pesticides and biological con trol. Numerical simulations are
performed using the forward and backward sweep method. The results indicate the effectiveness of
different control strategies and their impact on sustainable pest management in palm farms.

Keywords Optimal Control · Red Palm Weevil · Lozinski Measure Mathematical Models
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ABSTRACT

In this talk, we will discuss some matrices whose elements are different types of Fibonomial coeffi-
cients and various properties of these matrices.

Keywords Special Matrices · Fibonacci numbers · Binomial expansion
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ON SEMIGROUPS OF TRANSFORMATIONS WHOSE
RESTRICTIONS ARE ELEMENTS OF A GIVEN SEMIGROUP

Leyla Bugay*

Department of Mathematics, Çukurova University, Adana, Türkiye

ABSTRACT

Let n ∈ Z+ and let Xn = {1, . . . , n}. As it is well known that Pn, Tn, In and Sn denote the
partial transformation semigroup, (full) transformation semigroup, symmetric inverse semigroup
(the semigroup of all partial one to one maps) and symmetric group (group of all permutations)
on the set Xn, respectively. Now, let Y be a non-empty subset of the set Xn with cardinality m
(1 ≤ m ≤ n− 1). Without loss of generality, we can consider the set Xm, rather than Y and define
the semigroups

IS(n,m) = {α ∈ In : α|Xm
∈ Sm }, II(n,m) = {α ∈ In : α|Xm

∈ Im },
TT(n,m) = {α ∈ Tn : α|Xm

∈ Tm }, PS(n,m) = {α ∈ Pn : α|Xm
∈ Sm },

PT(n,m) = {α ∈ Pn : α|Xm
∈ Tm }, P I(n,m) = {α ∈ Pn : α|Xm

∈ Im },
PP(n,m) = {α ∈ Pn : α|Xm

∈ Pm }

for 1 ≤ m ≤ n− 1. In this study, we introduce and examine these new semigroups.

Keywords Partial (Full) transformation semigroup · Symmetric inverse semigroup · Symmetric
group

References

[1] Bugay L., Sönmez R., Ayık H., Ranks of certain semigroups of transformations whose restric-
tions are elements of a given semigroup, Bulletin of the Malaysian Mathematical Sciences So-
ciety, 46 (98), 2023.

[2] Ganyushkin, O., Mazorchuk, V., Classical Finite Transformation Semigroups, Springer-Verlag,
London, 2009.

[3] Honyam, P., Sanwong, J., Semigroup of transformations with invariant set, Journal of the Korean
Mathematical Society, 48: 289-300, 2011.

[4] Howie, J. M., Fundamentals of Semigroup Theory, Oxford University Press, New York, 1995.
[5] Konieczny, J., Semigroups of transformations whose restrictions belong to a given semigroup,

Semigroup Forum, 104: 109-124, 2022.
[6] Laysirikul, E., Semigroups of full transformations with restriction on the fixed set is bijective,

Thai Journal of Mathematics, 14(2): 497-503, 2016.
[7] Toker, K., Ayık, H., On the rank of transformation semigroup T(n,m), Turkish Journal of Math-

ematics, 42: 1970-1977, 2018.

*Corresponding Author’s E-mail: ltanguler@cu.edu.tr
This is a joint work with Rukiye Sönmez and Hayrullah Ayık.

105



VI International Conference on Mathematics and its Applications in Science and Engineering

(ICMASE 2025)

ON SEMIGROUPS OF TRANSFORMATIONS WITH IDEMPOTENT
COMPLEMENT WHOSE RESTRICTIONS BELONG TO A GIVEN
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Leyla Bugay*

Department of Mathematics, Çukurova University, Adana, Türkiye

ABSTRACT

Let Xn = {1, . . . , n} for any n ∈ Z+, and let Pn, Tn, In and Sn denote the partial transformation
semigroup, (full) transformation semigroup, symmetric inverse semigroup and symmetric group on
the set Xn, respectively. In this study, we introduce and examine some new semigroups defined as

ISf
(n,m) = {α ∈ In : α|Xm

∈ Sm; dom (α) \Xm ⊆ fix (α) },

IIf(n,m) = {α ∈ In : α|Xm
∈ Im; dom (α) \Xm ⊆ fix (α) },

PSf
(n,m) = {α ∈ Pn : α|Xm

∈ Sm; dom (α) \Xm ⊆ fix (α) },

PT f
(n,m) = {α ∈ Pn : α|Xm

∈ Tm; dom (α) \Xm ⊆ fix (α) },

P If(n,m) = {α ∈ Pn : α|Xm
∈ Im; dom (α) \Xm ⊆ fix (α) },

PP f
(n,m) = {α ∈ Pn : α|Xm

∈ Pm; dom (α) \Xm ⊆ fix (α) }

for 1 ≤ m ≤ n − 1 where dom (α) = {x ∈ Xn : xα = y for any y ∈ Xn} and fix (α) = {x ∈
dom (α) : xα = x}.

Keywords Idempotent element · Partial (Full) transformation semigroup · Symmetric inverse
semigroup · Symmetric group
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ABSTRACT

Given a non-empty set X and its subsets A and B, we say A is near to B (denoted by AδB), which
implies that either A and B have one or more common points, or they have points close enough to
each other [7]. A non-empty set X , equipped with δ is called a proximity space, provided it satisfies
certain conditions. The nearness between two sets does not necessarily mean that there are common
elements between the two sets (Spatially proximity). Instead, nearness can be defined descriptively
as (Descriptive proximity) [1, 6] based on probe functions [4]. A family of proximity relations Rδ

together with a non-empty set X , defines a relator space [5]. Many algebraic structures have been
proposed for relator spaces, such as approximately groups [2], approximately rings, approximately
sub-rings, approximately ideals [2, 3]. These structures play an important role in algebraic theory.
These observations have led lead to advances in descriptive relator space theory, namely, approxi-
mately prime rings (APRs) and approximately prime ideals (APIs). In this study, we present APRs
and APIs in descriptive relator spaces and together with some of their properties. Moreover, we give
a main theorem related to the approximately integral domain.

Keywords relator spaces · approximately rings · approximately prime rings
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ABSTRACT

This study introduces the concepts of neutrosophic prime ideal, prime neutrosophic ideal, neutro-
sophic 2-absorbing, 2-absorbing neutrosophic ideal, neutrosophic primary ideal, and primary neu-
trosophic ideal on a lattice. Then, neutrosophic 2-absorbing primary ideals of a lattice are char-
acterized. The transitions among these concepts and their relationships with the ideals of a lattice
are discussed. Finally, these concepts are examined on a lattice formed by the Cartesian product of
lattices.
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References
[1] Krassimir T. Atanassov. “Intuitionistic fuzzy sets”. In: Fuzzy Sets and Systems 20.1 (1986), pp.

87–96. ISSN: 0165-0114. DOI: https://doi.org/10.1016/S0165- 0114(86 ) 80034 - 3. URL: https
: / / www . sciencedirect . com / science / article/pii/S0165011486800343.

[2] Abdelhamid Bennoui, Lemnaouar Zedam, and Soheyb Milles. “Several types of single-valued
neutrosophic ideals and filters on a lattice”. In: TWMS Journal Of Applied And Engineering
Mathematics (2023).

[3] Vildan Cetkin and Halis Aygün. “An approach to neutrosophic ideals”. In: Universal Journal of
Mathematics and Applications 1.2 (2018), pp. 132–136.

[4] George Gratzer. Lattice Theory: First Concept and Distributive Lattices. Reading, MA: W.H.
Freeman and Co.San Francisco, 1971.

[5] AA Salama, Florentin Smarandache, and SA Alblowi. “The characteristic function of a neutro-
sophic set”. In: Infinite Study 3 (2014), pp. 14–17.

[6] Florentin Smarandache. “Neutrosophic set-a generalization of the intuitionistic fuzzy set.” In:
International journal of pure and applied mathematics 24.3 (2005), p. 287.

[7] Yogita Subhash Patil and Shriram Khanderao Nimbhorkar. “Generalizations of prime fuzzy ide-
als of a lattice”. In: Journal of Hyperstructures 9.2 (2020), pp. 1–33.

[8] Yogita Subhash Patil and Shriram Khanderao Nimbhorkar. “Generalizations of prime fuzzy ide-
als of a lattice”. In: Journal of Hyperstructures 9.2 (2020), pp. 1–33. ¨

[9] Lotfi A Zadeh. “Fuzzy sets”. In: Information and control 8.3 (1965), pp. 338–353.Hollasch S.R.,
Four-space visualization of 4D objects, MSc, Arizona State University, Phoenix, AZ, USA,
1991.

[10] Naseem Ajmal and KV Thomas.“Fuzzy lattices”. In: Information science 79.3-4(1994),ss.271-
291.

*Corresponding Author’s E-mail: slhyzr101@gmail.com

108



VI International Conference on Mathematics and its Applications in Science and Engineering

(ICMASE 2025)

ON FIXED POINT RESULTS FOR HYBRID-INTERPOLATIVE
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ABSTRACT

In recent decades, the study of uncertainty has garnered substantial attention across various disci-
plines, leading to the development of several mathematical tools. Among these, soft set theory, in-
troduced by Molodtsov in 1999 [1], has emerged as a significant framework for addressing problems
characterized by imprecise, ambiguous, or incomplete information. Its flexible and comprehensive
structure has led to a growing body of literature exploring its theoretical and applied dimensions.
Concurrently, the generalization of classical metric space theory has been a focal point of research.
Scholars have proposed numerous generalized metric structures by either modifying the axioms of
metric spaces or extending the nature of the set over which the metric is defined. One such inno-
vative structure is the soft metric space, which integrates the principles of soft set theory into the
framework of metric spaces, offering a novel and effective approach for analyzing problems involv-
ing uncertainty.
A particularly vibrant area within the theory of metric and generalized metric spaces is fixed point
theory, which investigates the conditions under which mappings admit fixed points. The existence
and uniqueness of such points have profound implications in mathematics and related fields. In this
context, various contractive conditions have been formulated to generalize the classical Banach con-
traction principle. Among recent advancements, Karapınar et al. (2022) [2] introduced a new class
of contractive mappings known as hybrid-interpolative Reich-Istrăţescu-type contractions. These
mappings are characterized by their dependence on multiple parameters, allowing for a more flexi-
ble and encompassing framework. Their formulation provides a unifying structure that generalizes
several well-known contractive mappings, and hence, has potential applications in diverse general-
ized metric settings, including soft metric spaces.
This paper aims to extend the applicability of hybrid-interpolative Reich-Istrăţescu-type contractions
by formulating and analyzing them within the framework of soft metric spaces. To this end, we first
provide a rigorous definition of this class of contractions in the context of soft metric spaces, incor-
porating the notion of soft points and soft mappings. Subsequently, we establish a series of fixed
point theorems under these generalized contractive conditions. The existence and uniqueness results
are derived using novel analytical techniques tailored to the soft metric framework. Furthermore,
illustrative examples are presented to demonstrate the applicability and effectiveness of the theoret-
ical results obtained. These examples validate the assumptions and highlight the practical relevance
of the proposed theorems.
The findings of this study contribute significantly to the growing literature on fixed point theory
in generalized metric spaces. By extending the concept of hybrid-interpolative contractions to soft
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metric spaces, we not only enrich the theoretical foundation of soft analysis but also open new
avenues for future research in the area of non-classical metric structures. The results presented herein
are expected to have implications in fields where uncertainty modeling and decision-making under
vagueness are essential, including optimization, control theory, and computational mathematics.

Keywords Hybrid-interpolative Reich-Istra¸tescu-type contractions, soft metric spaces, soft points,
soft mappings
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ABSTRACT

Fixed point theory has long been recognized as a cornerstone of modern mathematical analysis, par-
ticularly in the context of nonlinear analysis, topology, and applications to differential equations,
dynamical systems, and optimization. Among its classical results, Brouwer’s Fixed Point Theorem
[1] and Banach’s Contraction Principle [2] have laid a strong foundational framework. Banach’s the-
orem, in particular, ensures the existence and uniqueness of fixed points for contraction mappings on
complete metric spaces, providing the theoretical underpinning for many iterative and convergence-
based solution methods in applied mathematics.
As the limitations of classical metric spaces became evident in modeling complex and uncertain
systems, various generalizations of the metric structure have been introduced. These include but are
not limited to G-metric spaces, b-metric spaces, and S-metric spaces. The concept of an S-metric
space, proposed by Sedghi et al. [3], is a notable extension of the classical metric space. In an
S-metric space, the distance function is defined on three variables rather than two, offering greater
analytical flexibility and an alternative approach for studying convergence and fixed point behavior.
The advent of parametric S-metric spaces has engendered a novel analytical environment, thereby
enhancing our capacity to address fixed point problems in uncertain or imprecise contexts.
In parallel, the generalization of contraction conditions has also received significant attention in
recent literature. Various generalizations such as Kannan [4], Chatterjea [5], Reich [6], and Istrăţescu
[7] contractions have been proposed to relax the strict assumptions of Banach’s original formulation.
Building upon this line of work, Karapınar et al. [8] introduced the hybrid-interpolative Reich-
Istrăţescu type contraction, a flexible, parameter-dependent contractive mapping that unifies and
generalizes multiple existing contraction types.
This study aims to contribute to the expanding field of metric fixed point theory by investigating
fixed point results within the framework of parametric S-metric spaces using the hybrid-interpolative
Reich-Istrăţescu contraction. To this end, we adapt and redefine the contraction condition introduced
by Karapınar et al. [8] to suit the structure of parametric S-metric spaces. We then establish several
new fixed point theorems under this generalized setting. The validity and applicability of the theo-
retical findings are demonstrated through illustrative examples.
By unifying the generalized metric framework of S-metric spaces and parametric structures and
the richness of hybrid contraction mappings, this research significantly extends the current scope
of fixed point theory. The results not only generalize existing theorems but also pave the way for
further investigations into applications where uncertainty and higher-order metric structures play a
central role.
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ABSTRACT

The concept of hybrid numbers, introduced by Özdemir [13], generalizes complex, hyperbolic, and
dual numbers. A hybrid number is expressed as H = h0+h1i+h2ϵ+h3h where h0, h1, h2, h3 ∈ R
and i×i = −1, ϵ×ϵ = 0,h×h = 1, i× h = −h× i = ϵ+i are satisfied. The set of hybrid numbers
is identified with the set of four-dimensional Minkowski space of index 2, R4

2, analogous to how the
four-dimensional Euclidean space, E4, is identified with quaternions. Bharathi and Nagaraj [6] used
quaternions to study the geometry of the curves in E4, and Akbıyık [1] extended this approach by
using hybrid numbers to investigate non-null curves in R4

2.
Null curves are, on the other hand, of great importance in space-time geometry and physics. Conse-
quently, extensive research has been done on null curves in Minkowski spaces of dimension n and
index q. A comprehensive study on null curves in the (m+2)- dimensional manifolds of index q is
provided by Duggal and Jin [8]. Alo [5] studied null hybrid curves and gave some properties of null
hybrid Bertrand curves. They constructed a null Frenet frame for null hybrid curves using the null
frame of the associated null spatial hybrid curve. They derived the null Frenet formulas and estab-
lished relations between the curvatures of these two curves. Furthermore, they examined special null
hybrid curves, null hybrid Bertrand curves, and showed that any such curve is a null spatial hybrid
Bertrand curve- consistent with the fact that Bertrand curves in the space of dimension n ≥ 4 are
degenerate curves. This property of Bertrand curves in En (n ≥ 4) was initially proved by Matsuda
and Yorozu [12], so they presented a new type of Bertrand curves in a space of dimension n ≥ 4,
called (1,3)-Bertrand curves. A curve Γ̂ is said to be a (1,3)-Bertand mate of Γ if the normal plane
spanned by the principal normal and the binormal of Γ̂ coincides with the normal plan spanned by
the principal normal and the binormal of Γ.
In this presentation, we investigate null hybrid (1,3)-Bertrand curves. We give conditions for a curve
Γ̂ to be a null hybrid (1,3)-Bertrand mate of the curve Γ. Furthermore, if γ is an associated null
spatial hybrid curve of Γ, and γ̂ a null Bertrand mate of γ, we examine the conditions under which
the curve Γ̂, whose associated curve is γ̂, is a null hybrid (1,3)-Bertrand mate of Γ.

Keywords Hybrid Numbers · Null Hybrid Curves · (1,3)-Bertrand Curves
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[11] Li, Y., Uçum, A., İlarslan K. and Camcı, Ç., A New Class of Bertrand Curves in Euclidean

4-Space. Symmetry 2022, 14, 1191.
[12] Matsuda, H. and Yorozu, S., Notes on Bertrand curves, Yokohama Math. J., 50 (1–2), 41–58,

2003.
[13] Özdemir, M. Introduction to Hybrid numbers, Adv.Appl.Clifford Algebras, 28 (11), 2018 .
[14] Sun, J. and Zhao, Y. The Geometrical Characterizations of the Bertrand Curves of the Null

Curves in Semi-Euclidean 4-Space, Mathematics, 2021, 9, 3294.
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ABSTRACT

Algebraic models of homotopy types are essential tools in homotopical algebra and higher category
theory. In this context, 2-crossed modules were introduced by Conduché [3] as a categorical and
algebraic model for connected homotopy 3-types, extending the classical notion of crossed modules
that model homotopy 2-types.

The structure of a 2-crossed module consists of group homomorphisms equipped with compatible
actions and Peiffer liftings, where the actions are typically given by conjugation. To extend the
reach of this framework, the concept of a 2-generalized crossed module was defined in [7], allowing
arbitrary group actions rather than restricting to conjugation. This generalization provides a more
flexible algebraic setting for modeling higher-dimensional homotopical structures.

Let F and Z be two categories, and let Ω: F → Z be a functor. We say that Ω is a category fibred
over Z via Ω if and only if every morphism α : Z ′ → Z in Z and every object F ∈ F such that
Ω(F ) = Z, there exists a cartesian morphism β : F ′ → F in F such that Ω(β) = α. This condition
allows us to "pullback" objects along morphisms in the base category, preserving structure.

The notion of fibered category was introduced by Grothendieck in [5] to formalize geometric ideas
in descent theory by organizing objects and morphisms over a base category. This framework was
later developed in detail by Bénabou [1], explaining its logical foundations and emphasized its role
in category theory over a base with pullbacks. Fibered categories also offer a natural setting to
study algebraic models of homotopical structures such as crossed modules, which play a key role
in modeling homotopy 2-types [2]. Together, these concepts form essential tools in higher category
theory and modern algebraic topology [1, 8].

The fibration of the category of 2-crossed modules over groups was investigated in [4], while fibra-
tions and cofibrations of generalized crossed modules were introduced in [6].

In this work, it is shown that the category of 2-generalized crossed modules is a fibered category.

Keywords Fibered category · Generalized crossed module · Pullback
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ABSTRACT

In my talk, I will present the results from the article “Reversibility of Rings with Respect to the Zhou
Radical,” coauthored with T. Calci. Let R be a ring with identity, and let δ(R) denote the Zhou
radical of R. We define a ring R to be δ-reversible if, for all a, b ∈ R, the condition ab = 0 implies
ba ∈ δ(R). In this presentation, I will discuss several properties of δ-reversible rings and examine
various ring extensions that preserve δ-reversibility.

Keywords Zhou radical · Reversible ring · δ-reversible ring · Ring extension
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ABSTRACT

In a predation interaction between two species, considering different ecological phenomena can
produce significant changes in the dynamics of the models that describe it. Among these phenomena,
the use of physical refuges by prey as a defense strategy against the constant threat of predation
stands out. This behavior, directly influenced by the perceived level of risk, alters the probability of
encounter between predator and prey.
Another relevant phenomenon is intraspecific competition among predators, driven by different
causes, such as space limitation, depletion of food, etc. As predator density increases, the fight
for access to prey intensifies. The Allee effect on prey postulates that the per capita growth rate
of prey is reduced for low population sizes. This can have significant consequences for population
survival and permanence.
Although there are many other ecological phenomena, the study and analysis of a mathematical
model that incorporates the three phenomena mentioned above is proposed, adding as an assumption
that the fraction of the prey population that uses the refuge is directly proportional to the number of
predators present in the environment.
The system of differential equations proposed will be proved as well-posed and feasible as a popu-
lation model. This will involve demonstrating the boundedness and positivity of the solutions, and
analyzing the repulsive nature of the point (∞, 0), ensuring that the populations do not evolve to-
wards physically impossible values and that the system avoids non-biological behaviors.
In addition, the existence and stability of equilibrium points of the system will be studied, represent-
ing scenarios where the predator population dies out and the prey population reaches a steady status.
To complement this analysis, numerical simulations showing some possible dynamic scenarios will
be used to visualize the global behavior of the system solutions and how population densities vary
over time, under different combinations of parameters and initial conditions.

Keywords Predator-prey model · Intra-specific competition among predators · Allee effect ·
Refuge · Stability
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ABSTRACT

Mathematical models are widely used in ecology. Particularly in population ecology, predator-prey
models have a long history since their proposal in the 1920’s by mathematician Vitto Volterra, and
there are numerous studies on them with in-depth analysis of their properties. The Gause-type
of predator-prey models includes compartmentalized models in which biomass leaving the prey
compartment enters the predator compartment with some eventual conversion efficiency. Several
of these models consider ecological factors such as self-interference in prey or saturation of prey
consumption by predators. One of them is the well-known Rosenzweig-MacArthur model, which
incorporates the well-known logistic equation in the prey growth rate to include self-interference
ecological factor in this compartment and a functional response to represent predator saturation
factor. However, a type of predator-prey model that has been little studied in the literature is one
that assumes unrestricted growth in prey. A Gause-type predation model with Malthusian prey
growth and saturation in predators described by the Holling Type II functional response in hyperbolic
form is proposed and studied in this work. The main results obtained are presented: the existence
of a single positive equilibrium point (inside the first quadrant) that is unstable for all parameter
values and the non-existence of limit cycles in the system. These results suggest that prey self-
interference significantly influences the population dynamics predicted by the model, both in terms
of the stability of equilibrium points and the existence of fluctuations in population size for both
species. This assertion is based on a comparative study of the Rosenzweig-MacArthur model and
the one presented in this paper.
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CLUSTERING OCCUPATIONAL SAFETY PROFESSIONALS’
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DATA-DRIVEN SEGMENTATION APPROACH
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ABSTRACT

The integration of emerging technologies—such as Artificial Intelligence (AI), Internet of Things
(IoT), and wearable devices into Occupational Health and Safety (OHS) systems is transforming
workplace risk management. However, adoption varies considerably depending on practitioners’
perceptions and organizational contexts. This study applies unsupervised machine learning tech-
niques to segment OHS professionals based on their perceptions of benefits and challenges associ-
ated with these technologies. Using a dataset from a national survey of Portuguese OHS technicians,
we employ dimensionality reduction (PCA and t-SNE) followed by clustering algorithms (k-means
and DBSCAN) to discover latent clusters among respondents. The analysis reveals different groups,
including "technology enthusiasts", "cautious adopters" and "resistant sceptics", each with specific
concerns such as data privacy, training needs, or ethical implications. These findings suggest that a
one-size-fits-all strategy is insufficient for implementing safety technologies and highlight the value
of perception-based segmentation for targeted interventions. Our work provides a methodological
contribution to digital transformation efforts in OHS and practical guidance for policymakers and
security managers who aim to tailor adoption strategies to specific professional profiles.

Keywords occupational health and safety · clustering · unsupervised learning · perceptions ·
emerging technologies · t-SNE · k-means · segmentation · Portugal

References

[1] Correia, A., Faria, H. and Queirós, J. Challenges and Benefits of Emerging Technologies in
Occupational Health and Safety. Springer Lecture Notes in Computer Science. (to appear)

[2] Akyıldız, C. (2023). Integration of digitalization into occupational health and safety and its
applicability: a literature review. The European Research Journal, 9(6), 1509-1519.

[3] Bathan, J., and Joy, C. A. (2023). Modeling the mediating effects of occupational safety and
health management between organization culture and business performance among employees
of construction companies. International Journal of Open-Access, Interdisciplinary & New Ed-
ucational Discoveries of ETCOR Educational Research Center, 2(4), 131-156.

[4] Boring, R. L., Neville, K., Spielman, Z. A., Kelley, D. B., & Gawron, V. J. (2022). Safety
Frameworks for Emerging Technologies. Proceedings of the Human Factors and Ergonomics
Society Annual Meeting, 66(1), 1391–1395. https://doi.org/10.1177/1071181322661006

*Aldina Correia, E-mail: aic@estg.ipp.pt
This work was supported by national funds through FCT—Fundação para a Ciência e Tecnologia through project
UIDB/04728/2020.

122



VI International Conference on Mathematics and its Applications in Science and Engineering

(ICMASE 2025)
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ABSTRACT

Let M be a module over a commutative ring R. Recall from [3] that a proper submodule N of M
is said to be an r-submodule (special r-submodule, or briefly, sr-submodule) if whenever am ∈ N
with annM (a) = 0M (ann(m) = 0) for some a ∈ R and m ∈ M , then m ∈ N (a ∈ (N :
M)). Recently, the notion of r-submodules and sr-submodules has attracted the attention of many
researchers. For instance, in [1] and [2], Anebri et al. studied ascending and descending chain
conditions on r-submodules. Afterwards, in [4] Mahdou et al. characterized modules satisfying
Property (A) and Property (T ) in terms of r-submodules and sr-submodules. In this study, we
introduce a new generalization of r-submodules and use it to characterize some important classes of
modules.
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POLYNOMIAL CODES OVER FINITE FIELDS

Bianca Bercea-Straton*

Ovidius University from Constanta

ABSTRACT

The most general class of error detection and correction codes is the class of linear codes. A special
class of linear codes are polynomial codes, where messages are encoded using polynomials with
coefficients in a finite field. For correcting single errors, one big advantage of polynomial codes
is that specifying only the first row of the encoder/ generator matrix G is sufficient to describe the
entire code. These codes are widely used in digital communication and storage systems.

Keywords Finite fields · polynomial codes · BCH codes
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ABSTRACT

Let W (t) ≡ TN(t) − t denote the residual waiting time at time t, where TN(t) =
∑N(t)

i=1 Xi is the
last renewal epoch before or at time t, and {Xn}n≥1 is a sequence of idependent and identically
distributed positive random variables generating a renewal process N(t). The residual waiting time
process occupies a central position in the analysis of stochastic systems, serving as a fundamental
component in reliability theory, queueing models, and inventory dynamics. Its ability to quantify
the time remaining until the next event renders it indispensable in modeling delays and forecasting
performance in real-time systems. Accurate computation of its expected value is particularly critical
in applications such as service operations, transportation planning, and communication networks,
where delays translate directly into costs or inefficiencies.
Although its importance is well-recognized, the analytical study of W (t) remains challenging.
In this work, we derive intuitive approximation formulas for the expected value of the residual
waiting time process under two specific distributional settings:
(i) When the interarrival times Xn follow a regularly varying distribution with index α > 2,
(ii) When Xn belongs to the Γ(g) distribution family.
Regularly varying distributions play a central role in extreme value theory due to their heavy-tailed
nature and their connection to the Fréchet domain of attraction. However, the regularly varying case
does not include examples such as the exponential distribution or the gamma distribution. In extreme
value theory, the class of Γ(g) appears in a natural way to cover such light- or intermediate-tailed
cases, including generalized extreme value and logistic distributions. To achieve these results, we
utilize intuitive approximation techniques for the renewal function developed by Mitov and Omey.
To the best of our knowledge, the literature does not seem to provide intuitive approximations for
the residual waiting time in these settings.

Keywords Residual waiting time process · Intuitive approximation · Renewal function · Regularly
varying distributions · Γ(g) class of distributions.
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Abstract

We study a network model composed of three interacting neuronal pop-
ulations: pyramidal (Pyr) cells, parvalbumin-positive (PV) interneurons,
and somatostatin-positive (SST) interneurons. Starting from a network of
globally coupled quadratic integrate-and-fire (QIF) neurons with hetero-
geneous inputs, we reduce the full spiking network to a low-dimensional
mean-field model consisting of 9 ordinary differential equations (ODEs)
— three for each population.

This reduced system captures the essential dynamics of the network,
allowing for tractable bifurcation and phase space analysis. We demon-
strate the emergence of multistability, oscillatory switching, and coexist-
ing rhythms (mixed beta states) across the populations. In particular, we
find that the strength and directionality of inter-population interactions
critically depend on SST-IN-mediated inhibition, which modulates tran-
sitions between distinct beta-band oscillatory states.

Our results reveal how multiple subtypes of inhibitory neurons coor-
dinate to generate and regulate complex beta dynamics, with potential
implications for understanding neural mechanisms underlying motor con-
trol, cognitive function, and beta-band abnormalities observed in disorders
such as Parkinson’s disease.
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ABSTRACT

Linear Algebra (LA) is a mathematical subject in almost all university programs. However, it has
always proved difficult for students to learn. The main criticisms pointed out by students of the LA
course concern the excessive use of formalism, the number of new definitions and results involved
in learning a concept, and the lack of connection with mathematical knowledge already acquired.
Also, some studies refer to emotional factors - attitudes and anxiety. In this context, to identify
errors and difficulties and understand the students’ reasoning when solving questions considered
preparatory for learning LA, a questionnaire was given to 54 1st-year students who attended the LA
course of Communication and Multimedia (CM) at a university in Portugal. This work was based
on the framework of ontosemiotics by Godino and colleagues (OSA), who defined algebraization
levels as the algebraic manipulations needed to develop algebraic thinking. In addition, we also
considered elements of algebraic thinking: generalized arithmetic (GA), functional thinking (FT),
modelling language (ML), abstract algebra (AA), and algebraic proof (AP). The questionnaire was
given to establish the errors and difficulties in algebraic thinking through its elements. This qualita-
tive, interpretative, and descriptive research aimed to identify which algebraic thinking elements the
students had achieved. However, we found the presence of features of algebraic thinking in these
CM students. The first question, referring to FT, had the highest percentage of correct answers (52
percent). In the following, the rate of correct answers decreased, and, above all, the absence of the
requested justifications for the answers was noticeable. In the last two questions, referring to AP,
less than two percent of the students did the appropriate algebraic manipulations but with incorrect
justifications or arguments. Thus, students of this subject in higher education do not have the right
level of algebraic thinking for learning LA.

Keywords Algebraic thinking · Algebraization levels · Questionnaire
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ABSTRACT

The hydrodynamics of a multi-layer flow have attracted the attention of many researchers because
of the wealth and variety of waves which develop on multiphase interfaces. Besides experimental
studies, the modelling of the problem has been widely studied in the literature but modelling of
direct numerical simulations have been limited for moving faster wave families on various layer
thicknesses for stationary film thickness. The bifurcation analyse of multi-layer flows with free
surface is investigated by using approximate wave model. Calculations have been carried out to
generate the bifurcation scheme which shows the families of various wave velocities. Examples of
nonlinear wave shapes are illustrated at real-life values.

Keywords fluid dynamics · multi-layer flows · thin films · waves · bifurcation

*Corresponding Author’s E-mail: gcoztek@baskent.edu.tr

131



VI International Conference on Mathematics and its Applications in Science and Engineering
(ICMASE 2025)

MEASURING HAPPINESS IN HIGHER EDUCATION: ENGINEERING
STUDENTS’ INSIGHTS BASED ON AN ADAPTATION OF THE

OXFORD HAPPINESS QUESTIONNAIRE

Cristina M.R. Caridade1,*, José Alexandre Martins2, Verónica Pereira2,

1Polytechnic University of Coimbra, Coimbra, Portugal
Research Center for Natural Resources, Environment and Society (CERNAS), Polytechnic University of Coimbra, Portugal
Research Group on Sustainability Cities and Urban Intelligence (SUScita), Polytechnic University of Coimbra, Portugal

2Department of Exact and Experimental Sciences, Polytechnic of Guarda, Guarda, Portugal

ABSTRACT

Awareness of student well-being is even more relevant to higher education with the initiatives that
universities are taking toward cultivating inclusive, empathetic, and caring learning communities [1,
2, 3, 4]. This study examined engineering students’ experience of happiness at the Instituto Superior
de Engenharia de Coimbra using the Portuguese translation of the Oxford Happiness Questionnaire
[5] and a brief demographic and academic questionnaire.
186 students across educational levels and fields of study volunteered for the study. The sample
characteristics were varied in the demographics: 86% of the participants indicated they were Por-
tuguese and 44% indicated they resided in urban areas. In their personal lives, 52.2% indicated that
they had not had a romantic relationship while in school. The outcomes indicated large differences
in the perceived happiness based on the year of study, course being pursued, and students’ level of
academic satisfaction.
Item analysis revealed that while most students responded positively to questions on frequent laugh-
ter, regular joy, and sense of positive influence on others, others experienced low self-esteem, con-
fusion concerning personal identity, and indecision. Many of the students provided equivocal re-
sponses to queries on optimism regarding the future, restfulness, and a sense of purpose in life,
indicative of emotional challenges not necessarily evident from their academic performance.
These findings provide evidence for the inclusion of mental well-being assessment in higher edu-
cation practice and institutional tools that assess and support students’ social and emotional adjust-
ment. Inducing a general learning approach that coordinates emotional well-being with academic
achievement is the key to producing resilient, motivated, and satisfied students.

Keywords Student happiness · Well-being · Engineering education · Oxford Happiness Question-
naire · Academic satisfaction
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ABSTRACT

To situate abstract mathematical concepts so that they are more relevant and engaging for engineer-
ing students, gamification has proven to be an innovative and successful strategy [1, 2, 3]. The
proposed paper presents the experience "Passport to Linear Algebra: Vectors and Matrices in the
Suitcase!", a gamified learning environment for first-year Biomedical and Electromechanical Engi-
neering students at the Polytechnic Institute of Coimbra. The activity consists of creating a virtual
team trip around the world, where students create and solve Linear Algebra problems. Each team re-
ceives a mission on a boarding pass and a luggage tag that identify the departure city and the arrival
city. From here, students create a journey narrative that includes matrix operations, determinants,
linear systems, eigenvalues and eigenvectors, and linear transformations while developing clues for
the other teams. The tips, which aim to guide the team to a destination, must combine program
content with imagination and contextualization.
49 students were involved in a full week of classes (4 hours). The teams collaborated to complete
their mission, and the assessment was conducted through the clarity, creativity and interaction of the
group in developing the problems presented in the "trip log" spreadsheet, in the formal correction of
the solved problems, in the observation of the teacher in the classroom and in the pre/post question-
naires measuring the knowledge acquired and the student’s attitude.
The results indicated high levels of conceptual and motivational knowledge. Students became more
involved and gained a greater ability to connect theory with practice. The experience also promoted
transversal skills, such as teamwork, communication and problem solving [3, 4]. This gamification,
interdisciplinary learning experience demonstrates the power of active learning techniques in engi-
neering education to make mathematics more interactive, relevant, and engaging.
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ABSTRACT

This work investigates global solutions to the initial boundary value problem for the wave equation
with logarithmic nonlinearity in a bounded domain. A novel necessary and sufficient condition for
infinite time blow up of global weak solutions is proved in the case of arbitrary positive initial energy.
As a consequence, we derive a new sufficient condition on the initial data that ensures blow up at
infinity of the corresponding global solutions. Moreover, we identify classes of initial data for which
this sufficient condition is more general than those previously known (see [1, 2, 3, 4]).
The research is supported by the Science Fund of the UNWE under Grant No. NID NI-19/2025/A.
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A PERFORMANCE COMPARISON OF E-VALUES AND P-VALUES
IN REAL-TIME SEQUENTIAL TESTING
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ABSTRACT

In statistical hypothesis testing, p-values are the conventional measure for assessing evidence against
a null hypothesis. However, their reliability is often questioned in scenarios involving multiple hy-
pothesis testing, where e-values offer a promising alternative. This study presents a practical com-
parison of p-values and e-values within a sequential testing framework. Simulated data, designed to
mimic a real-time monitoring scenario, is used to evaluate how both measures behave in detecting
an effect, with their performance compared across a range of critical metrics. Findings highlight the
key advantages and limitations of each measure.
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BILINEAR MULTIPLIERS ON WEIGHTED ORLICZ SPACES ON
LOCALLY COMPACT GROUPS

Alen Osançlıol 1,*,
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ABSTRACT

In this work, we generalize the theory of bilinear multipliers acting on weighted Orlicz spaces from
Rn to locally compact abelian groups G. We focus on describing these bilinear multipliers from the
point of view of abstract harmonic analysis. We obtain separate necessary and sufficient conditions
for the existence and boundedness of such bilinear multipliers.

Keywords Bilinear multipliers · Weighted Orlicz spaces · Locally compact groups

References

[1] Blasco, O. and Osançlıol, A., Notes on bilinear multipliers on Orlicz spaces, Math. Nachr. 292,
2522–2536, 2019.

[2] Feichtinger, H.G., Homogeneous Banach spaces as Banach convolution modules over M(G),
MDPI Math. 10, 1–22, 2022.

[3] Osançlıol, A. and Öztop, S., Bilinear multipliers on Orlicz spaces on locally compact groups. J.
Pseudo-Differ. Oper. Appl. 14, 59, 2023.

[4] Osançlıol, A. and Öztop, S., Weighted Orlicz algebras on locally compact groups, J. Aust. Math.
Soc. 99, 399–414, 2015.

[5] Reiter, H., Classical Harmonic Analysis and Locally Compact Groups, Oxford University Press,
Oxford, 1968.

*Corresponding Author’s E-mail: alenosancliol@beykent.edu.tr

138



VI International Conference on Mathematics and its Applications in Science and Engineering

(ICMASE 2025)
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ABSTRACT

In this study, one considers an integer sequence associated with the sequence of rational numbers
known as the Vietoris’ sequence. In 1958, L. Vietoris presented a result in [5] concerning the posi-
tivity problems of trigonometric sums, wherein this sequence naturally emerged. The first Vietoris’
numbers of the sequence are

1,
1

2
,
1

2
,
3

8
,
3

8
,

5

16
,

5

16
,

35

128
,

35

128
,

63

256
,

63

256
,

231

1024
,

231

1024
, · · · ,

which is related with the sequence A283208 in the On-Line Encyclopedia of Integer Sequences
(OEIS) in [4]. This sequence, which will be denoted by {vn}n>0, is defined as

vn =
1

2n

(
n

bn2 c

)
, n > 0,

where b·c is the floor function. It is also well established that the recurrence relation governing this
sequence is given by the following expression

vn =

{
1, n = 0
dn vn−1, n 6= 0

(1)

where, for σ(n) = 1+(−1)n
2 ,

dn =
n+ σ(n)

n+ 1
=

{
1, n even
n

n+1 , n odd .

For further information on Vietoris numbers, see for example [1, 3].
In view of the identity v2n+1 = v2n+2 for n ∈ N0, it is natural to consider the subsequence of
Vietoris’ sequence with odd index {v2n+1}n>0. In [2] the elements of sequence {v2n+1}n>0 were
explicitly represented as follows

v2n+1 =
an

2n+1+mn
, (2)

where the sequence {an}n>0 is the numerators of the subsequence of the Vietoris’ number sequence
{v2n+1}n>0 and

mn =

⌊
n+ 1

2

⌋
+

⌊
n+ 1

22

⌋
+ · · ·+

⌊
n+ 1

2m

⌋
, m ≤ log2(n+ 1). (3)

The sequence {n+mn}n>0 is called the minimal exponent integer sequence with respect to 2 and
is the sequence A283208 in the OEIS in [4].
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Due to inherent challenges and potential vulnerabilities associated with using rational sequences in
cryptographic encoding and decoding processes, one will consider, in this study the sequence of
integer odd numbers {an}n>0. The first numbers of the sequence {an}n>0 are

1, 3, 5, 35, 63, 231, · · · ,

which are identified as the sequence A001790 in the OEIS in [4]. These numbers emerge as the
numerators of the coefficients in the Maclaurin series expansion associated with the corresponding
real-valued function f(x) = 1√

1−x for x < 1.

On account of equation (2), the sequence {an}n>0 can be expressed in terms of Vietoris’ numbers,
by

an = 2n+1+mnv2n+1. (4)
Furthermore, applying (2) in (1), on obtains the following recurrence relation

an = αmnan−1, n ∈ N,

where αmn
= 2n+1

n+1 2mn−mn−1 and mn is defined in (3).
In this study, matrices whose elements are derived from the sequence {an}n>0 are introduced, along
with an analysis of some of their fundamental properties. These matrices are subsequently employed
to explore potential applications in cryptography, particularly in the construction of encoding and
decoding algorithms.
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CRITICAL THINKING AND ARTIFICIAL INTELLIGENCE IN THE
CONSTRUCTION OF STATISTICAL KNOWLEDGE
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ABSTRACT

In the context of higher education for engineering students, the integration of artificial intelligence
(AI) tools into the teaching of Statistical Methods presents both pedagogical opportunities and chal-
lenges. This study describes the design, implementation, and preliminary analysis of a project-based
learning experience structured according to the Dreyfus model of skill acquisition (Dreyfus & Drey-
fus, 1980). The initiative, implemented in a Statistical Methods course for Informatics Engineering
students, aims to enhance students’ understanding of fundamental statistical concepts, such as prob-
ability theory, random variables, sampling, estimation, and hypothesis testing, while simultaneously
fostering their critical engagement with AI-generated content. In parallel, from a research perspec-
tive, the project sought to investigate how students construct and consolidate statistical knowledge
over time and how they progress through the five stages of the Dreyfus model as they engage with
a sequence of five learning tasks. Students were encouraged to use generative AI tools such as
ChatGPT to support their resolution of exercises, but were explicitly required to critique the out-
puts based on mathematical rigour, conceptual accuracy, and clarity. Assessment rubrics, designed
in alignment with the Dreyfus developmental levels (novice to expert), focused on three domains:
mathematical precision, critical analysis of AI responses, and clarity of the corrected solution. This
approach not only promotes metacognition and the development of self-regulated learning strategies
but also aligns with current models of inquiry-based learning and knowledge construction in mathe-
matics education (Dreyfus, 2024; Hershkowitz et al., 2001). Furthermore, the project is informed by
frameworks that highlight the importance of critical thinking in problem-solving scenarios (Casir-
aghi & Aragão, 2019), and explores how AI can function not as an authoritative oracle but as a
partner in the learning process, one whose output must be challenged, verified, and, when necessary,
corrected. This aligns with recent shifts in the role of technology in the mathematics classroom,
from passive tool to active agent of dialogue (Laursen & Rasmussen, 2019; Theobald et al., 2020).

Preliminary qualitative feedback suggests an increase in students’ awareness of the limitations of
AI tools, improvement in their ability to validate statistical reasoning, and a deeper engagement
with course content. Students demonstrated the ability to mobilise prior learning from classes and
earlier tasks to enhance their construction of statistical knowledge and improve their academic per-
formance.This model provides a replicable pedagogical framework that aligns with both the devel-
opment of disciplinary expertise and the cultivation of 21st-century skills such as critical thinking
and responsible AI usage.

Keywords Statistical Methods · artificial intelligence · engineering education · Dreyfus model ·
critical thinking
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ABSTRACT

This study aims to forecast the smoking behaviors of individuals classified into five distinct groups:
potential smokers or non-smokers, light smokers, heavy smokers, and those who have either tem-
porarily or permanently quit smoking. The interactions among these groups are represented by a
system of five ordinary differential equations, each corresponding to one subgroup. To solve this
system, the Gegenbauer polynomial expansion is employed, enabling accurate approximation of the
system’s behavior over the wide interval [0, 100]. This approach facilitates a comprehensive analysis
of the long-term dynamics under four different sets of initial conditions. Since the system does not
admit an analytical solution, the numerical results obtained from the Gegenbauer method are vali-
dated by comparison with both the classical fourth-order Runge-Kutta method and Mathematica’s
built-in differential equation solver. The simulation results illustrate the evolution and interaction of
the various smoker groups over time.
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ABSTRACT

T -norms play a pivotal role in fuzzy logic, serving as essential aggregation operators that define con-
junctions in fuzzy systems. Their mathematical properties and computational efficiency have made
them fundamental in various applications, from decision-making processes to artificial intelligence.
This paper explores a novel approach to optimization via T-norms in fuzzy logic, investigating their
potential for enhancing performance in complex problem-solving scenarios. By analyzing different
classes of T-norms and their influence on fuzzy inference mechanisms, we aim to develop innovative
strategies for improving computational accuracy and efficiency. Experimental results demonstrate
the advantages of specific T-norm selections in optimization problems, highlighting their capability
to refine uncertainty modeling and enhance decision accuracy. This study contributes to the ongoing
discourse on fuzzy logic optimization and offers new perspectives on leveraging T-norms for practi-
cal and theoretical advancements.
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ABSTRACT

The coupled viscous Burgers system plays a significant role in modeling a variety of phenom-
ena in applied sciences, particularly in fluid dynamics and nonlinear acoustics. However, obtain-
ing exact analytical solutions for such systems is often difficult and, in many cases, impractical.
This study proposes a numerical algorithm based on a linearization technique to solve the coupled
Burgers equations. The linearization is derived from the Newton–Raphson method. The presented
scheme employs multiquadric radial basis functions (MQ-RBFs) for spatial discretization and the
Crank–Nicolson method for time integration. By combining the meshless flexibility of radial basis
functions with the stability of the Crank–Nicolson scheme, the method efficiently solves the cou-
pled system. The accuracy and efficiency of the approach are demonstrated through the numerical
solution of several benchmark problems from the literature. The novelty of this work lies in the inte-
gration of MQ-RBFs with Newton–Raphson-based linearization, enabling the efficient treatment of
strong nonlinearities without requiring complex meshing. Moreover, the proposed methodology can
be extended to a wide range of nonlinear partial differential equations and systems arising in heat
transfer, traffic flow, and reactive transport modeling.

Keywords Linearization Technique · MQ-RBF · Crank-Nicolson · Coupled Burgers’ Equation ·
Newton-Raphson Method
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ABSTRACT

In recent years, fuzzy b-metric spaces that combine b-metric and fuzzy metric structures have been
studied by different authors. Hicks introduced the concept of C-contraction in the study of fixed
point theory for fuzzy metric spaces. More recently, Romaguera generalized and unified the previ-
ous results within the framework of fuzzy b-metric spaces and further extended Hicks’s concept to
this new setting. In this study, we define intuitionistic fuzzy b-metric spaces in the sense of Roma-
guera and introduce Hicks-type contraction mappings within these spaces. We also investigate the
completeness of intuitionistic fuzzy b-metric spaces. Our findings generalise the classical results in
fuzzy b-metric environment and extend the fixed point theorem in fuzzy b-metric environment to the
intuitionistic fuzzy context. This study contributes to a broader understanding of fixed point theory
in intuitionistic fuzzy environments and aims to provide a fundamental step for further applications.
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ABSTRACT

Creativity is one of the most striking characteristics of schoolchildren. In primary school, they
demonstrate an incredible ability to imagine, innovate and transform the world around them. From
vibrant drawings to fantastical stories, creativity is an essential tool for cognitive, emotional and
social development. The school environment plays a fundamental role in stimulating this creativ-
ity. Teachers who encourage experimentation, curiosity and freedom of expression help students to
develop their own ideas without fear of making mistakes. Artistic, musical and playful activities
are essential so that children can explore different forms of creation. Moreover, creativity is not
restricted to the arts. In solving mathematical problems, in spontaneous play and even in the way
they interact with their peers, children constantly demonstrate their ability to think outside the box.
Stimulating this ability from an early age is essential in order to form adults who can face challenges
with flexibility and originality. That is why it is essential that school and family work together to
create an environment rich in stimuli, where each child feels safe to express their imagination. After
all, children’s creativity is not just a passing phase, but the basis for a future full of discoveries and
achievements.
Over the last 40 years, elementary school children in Portugal have been the protagonists of a dy-
namic educational process, full of innovation, creativity and community involvement. This study
is dedicated to the first author’s mother who was the teacher and presents a collection of works
developed by her elementary school students, highlighting creativity, critical thinking and interdis-
ciplinarity in the school environment. Through activities that include visual arts, creative writing
and scientific experimentation, the students demonstrate their capacity for innovation and collabora-
tion. The analysis of the works reveals how work-based learning contributes to the development of
children’s socio-emotional and cognitive skills, encouraging autonomy and engagement with knowl-
edge. The results show that valuing student work not only strengthens learning, but also contributes
to the formation of active and aware citizens. The study reinforces the importance of an education
that respects the past, understands the present and prepares for the future.

Keywords Creativity · Primary Education · Creative learning · Teachers

References

[1] Alfonso-Benlliure, V., and Santos, M. R., Creativity development trajectories in elementary
education: Differences in divergent and evaluative skills. Thinking Skills and Creativity, 19:
160–174, 2016.

[2] Beghetto, R. A., and Kaufman, J. C., Classroom contexts for creativity. High Ability Studies,
25(1): 53–69, 2014.

*Corresponding Author’s E-mail: abc@hbv.edu.tr

148



VI International Conference on Mathematics and its Applications in Science and Engineering

(ICMASE 2025)

[3] Craft, A., A language for creativity. In A. Craft (Ed.), Creativity in Schools (pp. 18–20). Rout-
ledge Taylor and Francis Group, 2005.

[4] Fakaruddin, F. J., Shahali, E. H. M. and Saat, R. M., Creative thinking patterns in primary school
students’ hands-on science activities involving robotic as learning tools, Asia Pacific Education
Review, 25:171–186, 2024.

[5] Gajda, A., Beghetto, R. A., and Karwowski, M., Exploring creative learning in the classroom:
A multi-method approach, Thinking Skills and Creativity, 24, 250–267, 2017.

[6] Kupers, E., Lehmann-Wermser, A., McPherson, G. and van Geert, P., Children’s Creativity: A
Theoretical Framework and Systematic Review, Review of Educational Research, 89(1): 93–
124, 2019.

[7] Torrance, E. P., creative talent. New York: Prentice-Hall Inc., 1962.

149



VI International Conference on Mathematics and its Applications in Science and Engineering

(ICMASE 2025)

SOME PROPERTIES ON BIDIMENSIONAL TRIBONACCI NUMBERS

Sandra Ricardo1,*, Paula Catarino1, Eudes Costa1,2

1University of Trás-os-Montes e Alto Douro, Vila Real, Portugal
2Federal University of Tocantins, Arraias, Tocantins, Brazil

ABSTRACT

The Tribonacci sequence, denoted by {tn}n≥0 and catalogued as A000073* in the OEIS [4], offers
fertile ground for new and challenging investigations. Studied and popularised by Feinberg [1], this
sequence is defined by the three-term linear recurrence

tn = tn−1 + tn−2 + tn−3, for all integers n ≥ 3,

with initial terms t0 = 0 and t1 = t2 = 1.
In this work, we explore a two-dimensional generalisation of the Tribonacci sequence, referred
to as the bidimensional Tribonacci sequence and denoted by {Tm,n}m,n≥0. Building upon the
classical one-dimensional case, the bidimensional sequence was defined by Pethe [3] through a
natural extension of the Tribonacci recurrence to two indices:

T(m,n) := T(m−1,n) + T(m−2,n) + T(m−3,n), for all n and m ≥ 3

T(m,n) := T(m,n−1) + T(m,n−2) + T(m,n−3), for all m and n ≥ 3

with initial conditions involving complex values:
T(0,0) = 0 , T(1,0) = 1 , T(2,0) = 1 ,
T(0,1) = i , T(1,1) = 1 + i , T(2,1) = 1 + i2 ,
T(0,2) = i , T(1,2) = 2 + i , T(2,2) = 2 + i2 ,

where i2 = −1 is the imaginary unit.
Our study extends some known results from the classical Tribonacci sequence (see for instance
[2]) into the bidimensional context. In particular, we investigate algebraic properties, recurrence
structures, and symmetries of this extension and derive new identities. Special attention is given to
the role of complex values in the initial conditions and their impact on the emerging structure. This
generalisation not only enriches the theoretical landscape surrounding recurrence relations but also
provides a framework for further exploration of multidimensional recurrence relations.
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ABSTRACT

In an era where the complexities of science, engineering, and societal challenges demand an ever-
evolving educational paradigm, the preparation of future teachers must transcend traditional meth-
ods. This study explores an innovative approach to teacher education, integrating active and chal-
lenging strategies within an interdisciplinary framework to cultivate educators capable of fostering
meaningful and dynamic learning environments.
Grounded in the principles of theory-informed lesson study, this research examines the pedagogical
development of prospective primary school teachers. By adapting learning study methodologies
to the specific context of teacher preparation, the intervention aimed to bridge the gap between
theoretical knowledge and practical application. Seventeen participants engaged in collaborative
task design, reflective practice, and iterative refinement. This structured engagement facilitated
a discernible transition from conventional expository teaching methods towards student-centred,
inquiry-driven pedagogical practices, fostering an understanding of mathematics applied in scientific
contexts.
The findings underscore the transformative impact of this approach. Participants demonstrated a
significant evolution from merely replicating traditional instruction to adeptly designing lessons
that demonstrably stimulate engagement, ignite curiosity, and cultivate critical thinking within their
future professional practice. Furthermore, the study highlights the crucial role of structured collab-
orative reflection in enhancing educators’ confidence and pedagogical adaptability.
By aligning mathematical instruction with interdisciplinary applications, this research contributes to
the broader discourse on education reform, advocating for methodologies that prepare teachers to
meet contemporary educational challenges. The implications extend beyond the domain of mathe-
matics education, offering a scalable model for fostering educator development across disciplines.
This study serves as a call to action for embracing evidence-based, reflective teaching strategies that
empower future teachers to shape the next generation of learners.
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ABSTRACT

The polynomial interpolation problem defined on a set of distinct nodes and represented in a mono-
mial basis results in a linear system of equations with a Vandermonde matrix. A difficulty with a
Vandermonde matrix is that when constructed with real nodes, it is generally quite ill-conditioned
[1], even for moderately low degrees. This ill-conditioning may vary notably depending on the
distribution of the points. The general recommendation is to use the highly non-uniform Cheby-
shev nodes, but the problem remains when experimental data is available only at equally spaced
points. In such cases, polynomial interpolation becomes unreliable due to the Runge phenomenon
and is also numerically ill-conditioned. To address these challenges, an effective strategy is to select
mock-Chebyshev points from a dense set of uniformly spaced nodes, thereby capturing the favorable
interpolation properties of Chebyshev nodes [2, 3, 4].
In this study, we investigate the condition number of the generalized Vandermonde matrix and
demonstrate that it can be reduced by employing mock-Chebyshev nodes, similarly to the case of
Chebyshev–Lobatto nodes.
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Bilge GECİOGLU1,*, Yasar BILGE2,

1Phd. student, Ankara University, Graduate School of Health Science, Institute of Forensic Science, Forensic Medicine
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ABSTRACT

Aim:
This paper aims to critically review the role of mathematics in forensic science, emphasizing how
quantitative methods enhance the analysis, interpretation, and validation of forensic evidence. It
explores statistical, geometrical, and computational approaches used across diverse forensic disci-
plines and illustrates these through landmark case studies.
Methodology: A comprehensive literature review was conducted focusing on forensic applications
of mathematical techniques such as statistical modeling, Bayesian inference, geometric morphomet-
rics, and machine learning. Selected case studies— including DNA profiling in the Colin Pitchfork
case and bite mark analysis in the Ted Bundy investigation—were analyzed to demonstrate practical
applications. Emerging computational methods and their integration into forensic workflows were
also examined.
Results:
Mathematical methodologies provide objective frameworks that increase the reliability and repro-
ducibility of forensic analyses. Statistical models quantify evidentiary strength via likelihood ratios
and probabilistic reasoning. Geometric and pattern analysis facilitate accurate biometric compar-
isons, while machine learning enhances automated evidence classification. Case studies confirm
that mathematical rigor significantly contributes to successful forensic investigations and judicial
outcomes.
Conclusion:
The integration of advanced mathematical tools is indispensable for modern forensic science, im-
proving the precision and transparency of evidence evaluation. Continued interdisciplinary collabo-
ration and methodological innovation are essential to address current challenges and fully leverage
mathematical techniques in forensic practice.

Keywords Forensic science · Mathematics · Statistical modeling · Bayesian interference · geometric
morphometrics · machine learning · forensic evidence
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ABSTRACT

This work examines a boundary value problem within the theory of analytic functions in the unit
disk:

F+(τ) +G(τ) · F−(τ) = 0, ∥τ∥ = 1.

Here, G(τ) is a given function defined on the unit circle, while F±(z) represent the boundary
values of functions analytic inside and outside the unit disk, respectively. The problem has been
studied in Hilbert spaces (Hp), with methods developed to solve it under more general classes of
G(τ). A.P. Soldatov extended the analysis by considering solutions in weighted Hilbert spaces,
introducing additional complexity and generality. Such boundary value problems are closely related
to Riemann–Hilbert equations, singular integral equations, and operator theory.
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ABSTRACT

Many researchers have focused on integral-differential equations due to their pivotal role in en-
gineering, mathematical modeling, and physical phenomena, and how to solve them under local
conditions. These equations have been addressed using various techniques, with some turning to
transforming the systems to be solved into a system of integral equations, which can be solved us-
ing semi-analytical or numerical methods. This depends on the type of kernel used. However, in
this research, the advanced-phase equation will be studied under non-local conditions. This type
of modern study enables researchers to identify the strengths and weaknesses of a material before
using it, as it reveals the genes and properties of the material being used. Therefore, in this work,
we will attempt to study a non-linear integro-differential equation with a continuous kernel using
analytical methods. The problem will also be studied by comparing solutions under local conditions
with solutions under non-local conditions and studying the resulting error in each case.In this study
we will consider the the phase-lag nonlinear integro-differential equation

∂

∂ t
[Ψ (x, t+ p)− f(x, t)] = λh(t)

∫ 1

0

k (x, y)Ψα (y, t) dy, α = 1, 2, 3, . . . , N.(1) (1)

under the non-local conditions

Ψ(x, p) = v1 (x, p) + v2 (x, t) ,Ψ(x, 0) = v3(x) + v2(x, t),

∂Ψ(x, 0)

∂ t
= v4 (x) +

∂

∂ t
v2 (x, t) .

Here, f (x, t) is a free term, h (t) is a continuous function of time, λ is a parameter and k (x, y) is
a known continuous function that represents the kernel of position. The unknown function that has
to be determined is Ψ(u, t). Where, Ψα (u, t) represents a nonlinear term in the equation. Under
considering Taylor’s expansion,

Ψ(x, t+ p) = Ψ (x, t) +
p

1!

∂Ψ(x, t)

∂ t
+

p2

2!

∂2 Ψ(x, t)

∂ t2
+ . . . ,

A nonlinear mixed integral equation of the second kind with a continuous kernel will be created
from equation (1). In order to solve the resulting integral equation, the Homotopy approach will
be used in this search. We shall talk about several significant theorems. Applications’ numerical
solutions will be offered to confirm the effectiveness of the strategies discussed.

Keywords Integro partial differential equation · Mixed integral equation · phase-lag problem

*Corresponding Author’s E-mail: saraad@uqu.edu.sa

158



VI International Conference on Mathematics and its Applications in Science and Engineering

(ICMASE 2025)

References

[1] Raad, S.A.; Abdou, M.A. A Suitable Algorithm to Solve a Nonlinear Fractional Integro-
Differential Equation with Extended Singular Kernel in (2+1) Dimensions. Fractal Fract. 2025,
9, 239. https://doi.org/10.3390/fractalfract9040239

[2] Abusalim, S.M.; Abdou, M.A.; Nasr, M.E.; Abdel-Aty, M.A. An Algorithm for the Solution of
Nonlinear Volterra–Fredholm Integral Equations with a Singular Kernel. Fractal Fract. 2023, 7,
730. https://doi.org/10.3390/fractalfract7100730

[3] ABDOU, Mohamed Abdella; RAAD, S. A. Mixed integral equation in position and time with
weakly kernels. International Journal of Applied Mathematics and Computation, 2009. 2.2: 57-
67.

[4] Mahdy, A.M.S.; Nagdy, A.S.; Hashem, K.M.; Mohamed, D.S. A Computational Technique for
Solving Three-Dimensional Mixed Volterra–Fredholm Integral Equations. Fractal Fract. 2023,
7, 196. https://doi.org/10.3390/fractalfract7020196

[5] He, J.-H.; Taha, M.H.; Ramadan, M.A.; Moatimid, G.M. Improved Block-Pulse Functions for
Numerical Solution of Mixed Volterra-Fredholm Integral Equations. Axioms 2021, 10, 200.
https://doi.org/10.3390/axioms10030200

159



VI International Conference on Mathematics and its Applications in Science and Engineering

(ICMASE 2025)

THIRD-ORDER NICKEL FIBONACCI QUATERNIONS

Seda YAMAÇ AKBIYIK1,*

1Department of Electric-Electronic Engineering, Istanbul Topkapı University

ABSTRACT

In this presentation, we first define the third-order Nickel Fibonacci quaternions, based on the frame-
work of third-order Nickel Fibonacci numbers. We then establish several well-known identities for
these quaternions, including Binet’s formula and the generating function. Furthermore, we intro-
duce the generalized third-order Nickel Fibonacci quaternions and present their corresponding ma-
trix representations. The main obstacles in the study of quaternion matrices, as expected come from
the non-commutative multiplication of quaternions. Since the classical determinant is not suitable
for quaternion matrices, we use the q-determinant and establish the related matrix identities.
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ABSTRACT

In practical applications, the most commonly utilized models for random recurrent events are re-
newal processes, renewal reward processes, random walk processes and their modifications. These
stochastic models serve as foundational tools for modeling and solving a wide range of problems
across various disciplines. For instance, they are instrumental in analyzing purchasing behavior fol-
lowing warranty expiration in warranty analysis, modeling inter-arrival times between demands in
inventory systems, planning logistics in supply chain management and analyzing sequential risks in
risk theory. The extensive literature on these processes includes a wealth of theoretical results and
properties, reflecting their foundational role in applied probability and operations research. Despite
the importance and applicability of these models, deriving closed-form expressions for their ergodic
distributions often presents significant analytical difficulties. In real-world applications, there is of-
ten a need for practical methods that can bypass these complexities while still yielding accurate
results.
This paper presents three different approximations to the ergodic distribution of a renewal reward
process X(t) describing a semi-Markovian inventory model of type (s,S), where the underlying de-
mand random variables follow a Weibull distribution. While the Weibull distribution flexibly cap-
tures various real-world behaviors, its associated renewal function lacks a closed-form expression,
posing analytical challenges. To address this, we make use of three approximation formulas for the
Weibull renewal function based on normal approximations of the Weibull distribution, as proposed
in the study of Cui and Xie [1]. These approximations provide tractable expressions for the renewal
function of large Weibull shape parameter, which are then used to derive approximations for the
ergodic distribution of the renewal reward process X(t). We used easily applicable methods that
offer fast and accurate approximations while maintaining interpretability. Our results do not rely on
asymptotic expansions, avoiding remainder terms whose convergence properties are often unclear.
Numerical results are presented to compare the accuracy of the three approximations for different
Weibull shape parameters.

Keywords Semi-Markovian inventory model · Ergodic distribution · Weibull renewal function ·
Normal approximation
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ABSTRACT

In this study, we define the vector product of certain vectors in the Euclidean space R15. Using
this definition, we reformulate the sedenion product and explore its properties within R15. We then
derive Serret–Frenet formulas for spatial sedenionic curves and construct a G2−frame adapted to
such curves. In the final section, we provide several MATLAB codes developed for sedenion-related
computations. These implementations support numerical applications and facilitate theoretical in-
vestigations involving sedenions.
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ABSTRACT

Reactiondiffusion systems are widely used to describe dynamic behaviors and pattern formation in
fields such as physics, chemistry, and biology. A key part of understanding these systems is analyz-
ing the stability of steady-state solutions, which typically involves solving an eigenvalue problem
derived from a linearization of the governing equations. However, exact solutions to such prob-
lems are often out of reachparticularly when the system includes multiple components or when the
operators involved are not self-adjoint. In these cases, researchers turn to numerical methods as
the most practical means of performing spectral analysis and exploring the systems behavior. In
this study, we explore the use of Physics-Informed Neural Networks (PINNs) to solve these types
of eigenvalue problems. PINNs offer a data-free, physics-driven way to learn solutions of partial
differential equations by incorporating the governing laws directly into the training process [1, 2].
We apply this method to compute multiple eigenpairs in both single- and multi-component reaction-
diffusion systems, including scenarios that are especially difficult for conventional approachessuch
as nonself-adjoint systems. To demonstrate the method, we focus on two benchmark models: the
ZeldovichFrankKamenetsky (ZFK) equation [3], representing a single-component and self-adjoint
case, and the FitzHughNagumo (FHN) system [4], which introduces a two-component, nonself-
adjoint structure. Our PINN framework enforces critical physical properties like biorthonormality
between left and right eigenfunctions and spectral ordering within the loss function itself. As a re-
sult, it produces eigenvalue and eigenfunction estimates that align well with results obtained through
standard numerical simulations. This work highlights the potential of PINNs as a robust and adapt-
able approach to spectral analysis in complex reactiondiffusion systems.

Keywords PINN · deep learning · reactiondiffusion · eigenvalue problems · FitzHughNagumo ·
ZeldovichFrankKamenetsky · adjoint
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ABSTRACT

Strengthduration curves characterize the relationship between stimulus duration and the minimal
strength required to trigger excitation, offering critical insight into the excitability and safety mar-
gins of excitable systems [1]. While these curves can, in principle, be derived analytically, such
derivations are typically intractable except in a few highly idealized cases. As a result, construct-
ing them often relies on direct numerical simulations, which become computationally demanding
in multi-component systems or when the governing operators are not self-adjoint. To address these
challenges, we introduce a Bayesian physics-informed neural network framework as an alternative
approach for learning the entire strengthduration profile. Our method embeds the reactiondiffu-
sion dynamics directly into the networks loss function, ensuring adherence to known biophysical
laws, and treats the critical threshold curve as a hidden dependency learned during training. We
employ Hamiltonian Monte Carlo to sample the posterior distribution of network [2] and threshold
parameters, yielding wellcalibrated credible intervals that outperform variational and dropoutbased
uncertainty estimates. A single Bayesian PINN model yields a smooth, continuous threshold curve
with principled uncertainty estimates, enabling efficient exploration of excitability across parameter
regimes. By combining the data efficiency and interpretability of physics-informed neural networks
with the rigor of Bayesian inference [3, 4], this framework enables rapid discovery while providing
robust uncertainty quantification, offering a flexible tool for investigating threshold phenomena in
reactiondiffusion systems and related contexts. Overall, the Bayesian PINN achieves accurate, con-
tinuous estimates of strengthduration relationships and furnishes well-calibrated uncertainty bands,
making it a reliable and interpretable tool for probing threshold phenomena in complex excitable
systems.

Keywords strengthduration · Bayesian · PINN · Monte Carlo · reaction-diffusion · threshold ·
credible interval
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ABSTRACT

This presentation explores the use of mathematical logic and computational thinking as educational
tools to support the reintegration of former combatants from the Colombian armed conflict. Building
on earlier work in digital literacy (Torres et al., 2014), it addresses the social and economic chal-
lenges this population faces, including stigmatization and limited job opportunities (Zapata et al.,
2021). The proposed educational model integrates digitalization and Artificial Intelligence (AI) to
enhance logical reasoning and problem-solving skills (Behnamnia et al., 2025), using pedagogical
prototypes and mathematics labs (Torres & Martínez, 2015).
A study involving over 30 ex-combatants and 260 professionals from the Agency for Reintegration
and Normalization (ARN) revealed a digital divide not of access, but of usage. Although most
participants owned smartphones and had internet access, few used these tools for entrepreneurship or
education. The intervention included tablets, multimedia content, and a learning platform, achieving
measurable improvements in digital competence.
The approach promotes logical and computational thinking as essential 21st-century skills (More
Valencia et al., 2022; Soufan et al., 2023), offering personalized and gamified learning supported by
AI (Jadhav et al., 2025). This not only benefits cognitive development but also fosters confidence and
employability. Mathematics education is framed within inclusive and flexible strategies, requiring
a transformation in teacher training. This includes Pedagogical Content Knowledge (Martín et al.,
2023) and the application of Didactic Suitability (Barboza & Castro, 2023) to design relevant and
equitable instruction.
By fostering logical reasoning and computational literacy, this initiative equips former combatants
with tools to navigate an increasingly digital world, enabling them to access education, employment,
and civic participation. More than a technical training program, it represents a transformative educa-
tional pathway that acknowledges their past, leverages their discipline and resilience, and repositions
them as active and capable members of society. The integration of digital and AI-based pedagogies
not only bridges knowledge gaps but also supports a broader agenda of peacebuilding and social
justice in post-conflict Colombia.

Keywords ex-combatants, mathematical logic, digital literacy, artificial intelligence, reintegration,
educational equity
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ABSTRACT

When only some data points are available in a dataset, imputation of the approximate values at un-
known points often becomes essential to maintain the integrity and usability of the data. This need
becomes especially critical in real-world applications where unobserved or missing data are preva-
lent and can severely impact the performance of statistical analyses and machine learning models.
To address this issue, this study introduces a novel imputation technique that reconstructs missing
data points using only the known entries, without requiring any prior assumption about the underly-
ing data distribution or functional form.
The method is based on three fundamental equations derived using approximate differential oper-
ators. These equations consist of the central difference and the three-point forward and backward
approximate differential operators. The value at an unknown point is computed using these equa-
tions by incorporating the neighboring data points to its left and right.
To rigorously assess the accuracy, stability, and generalization capacity of the proposed approach,
synthetic datasets are generated from various analytical functions that exhibit different behaviors
within a fixed domain. These datasets simulate distinct imputation scenarios under controlled condi-
tions, providing a robust testing environment. Comparative analyses with state-of-the-art imputation
methods are performed using standard error metrics, including Mean Absolute Error (MAE), Mean
Relative Error (MRE), and Root Mean Square Error (RMSE).
Experimental results show that the proposed method consistently delivers high-precision imputa-
tions, even when the proportion of missing data is considerable. The local nature of the computa-
tion, which is based solely on the nearest neighbors, enhances both efficiency and interpretability.
Furthermore, the use of approximate differential operators contributes to the numerical reliability
and transparency of the method, making it particularly well suited for critical applications involving
incomplete or noisy data.
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ABSTRACT

For a the polynomial Szegő class measure µ on the unit circle T in the complex plan, with dµ =
µ′acdm+ dµs, where µac is the absolutely continuous part of µ and dµs is singular and,∫

T
p(t) logµ′ac(t)dm(t) > −∞. (1)

We define the extremal polynomials (1 < p < ∞) corresponding to polynomial Szegő mea-
sure,there are many intersting problems about extremal polynomials . The most important ones
are their asymptotics and zero distribitons . For p = 2, the Lp(µ) extremal polynomials are exactly
the orthogonal polynomials associated to the measure µ.

Keywords Extremal polynomials · Szegő condition · polynomial Szegő condition.
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ABSTRACT

For a the polynomial Szegő class measure µ on the unit circle T in the complex plan, with dµ =
µ′acdm+ dµs, where µac is the absolutely continuous part of µ and dµs is singular and,∫

T
p(t) logµ′ac(t)dm(t) > −∞. (1)

We investigate the asymptotic behavior of Lp(µ) extremal polynomials (1 < p <∞) corresponding
to polynomial Szegő measure, our main result is the explicit strong asymptotic formulas for the
Lp(µ) extremal polynomials.

Keywords Extremal polynomials · asymptotics for Lp extremal polynomials · polynomial Szegő
condition.

References

[1] Benghia FZ, Belabbaci Y. Asymptotics of orthogonal polynomials corresponding to polynomial
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ABSTRACT

The present work focus on the perceptions of the Science, Technology, Engineering, and Mathe-
matics (STEM) teachers concerning two specific topics: (A) the enrolment of students; and (B)
the transition to the labour market. For that, a statistical analysis that was addressing the lecturing
modules of the survey developed within the EURO-European Association of Operational Research
Societies ‘s umbrella [1] is now treated by focusing Computer Science, Engineering, and Mathe-
matics’ respondents. A description of the STEM teachers’ answers, to each question, is presented
and analysed in terms of Positive and Negative perceptions, as well as Non-existence or Lacking
sufficient information (NE) on the subject. And the type of OR/MS lecturing modules existent in
the respondents´ HEI is also taken into account. Regarding the enrolment of students (topic A),
although there is a positive perception about the existence of plans to promote it, the opposite occurs
relatively to the existence of joint work projects with pre-university teachers. Concerning the exis-
tence of an interlocutor to establish contacts with primary/secondary schools, levelled opinions could
be observed, being that approximately a third of the respondents’ report Non-existence or Lacking
sufficient information on the topic. Additionally, 44% of the STEM teachers have a positive opinion
of the assessment activities related to the enrolment of the students. Concerning the specific OR/MS
queries, not only a negative opinion was stated by more than 30% of the respondents, but also more
than 55% of them refer Non-existence or Lacking sufficient information on the subject. Concerning
the transition onto labour market (topic B), an almost positive perception (47% of the responses)
can be observed in both the promotion of the transition of graduates onto labour market and the
assessment of activities related to labour market, while, levelled Positive/Negative opinions could
be perceived regarding the existence of an interlocutor to establish contacts with labour market or-
ganizations. With reference to the specific OR/MS queries, a negative perception could be noticed
and 28% of the respondents indicated that do not know or do not exist specific promotion of en-
tries into labour market in the OR/MS field. In addition, the relations between the STEM teachers’
perceptions and the types of OR/MS lecturing modules (bachelors/masters, majors/minors, or just
courses) in their own institutions are also examined. No relationship between the types of OR/MS
modules and almost all the questions can be perceived; there is only one single exception, concern-
ing the general HEI’s transition of graduates onto labour market; but even in this case only a weak
relationship could be observed. The results are detailed and a comparison analysis is developed; it
can be concluded that more attention should be payed to these two important topics — enrolment of
students and transition onto labour market— and thus more work has still to be done in this area of
knowledge.
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ABSTRACT

Difference sets are fundamental objects in combinatorial design theory due to their applications in
error-correcting codes, finite geometries, and cryptography. A subset D ⊆ G of a finite group G
of order v is called a (v, k, λ)-difference set if every non-identity element of G can be expressed as
a difference d − d′, with d, d′ ∈ D, in exactly λ ways. Constructing such sets remains a central
problem in algebraic combinatorics.
In this study, we develop and apply a method called the Cyclic Classes Method (CCM) to generate
difference sets in additive groups of finite fields. Let q be a prime power and e a positive integer
such that e | (q− 1). The multiplicative group F∗

q is partitioned into e cyclotomic classes of order e,
denoted C0

e , C
1
e , . . . , C

e−1
e . The CCM strategically combines these classes to form candidate subsets

in the additive group (Fq,+), and verifies the difference set condition using group ring identities and
character sums.
Using this approach, we construct new families of difference sets with parameters not previously
reported in the literature. The method also allows for algorithmic generalization and automated
verification using MATLAB, offering a powerful tool for exploring large search spaces in Zq .
Our results contribute to the existing catalogue of known difference sets and highlight the utility of
cyclotomic structures in finite fields. The study includes theoretical proofs supported by computa-
tional evidence and offers insights into future directions for algebraic and algorithmic design theory.
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ABSTRACT

In this study, homotopic contraction mappings studied by Frigon in 1991 were investigated. Kan-
nan type homotopic contraction mapping and Chatterjea type homotopic contraction mapping are
defined and some fixed point results are obtained.

Keywords Homotopy · Contraction Mapping · Fixed point

References

[1] Gornicki, J., Fixed Point Theorems for Kannan Type Mappings, Journal of Fixed Point Theory
Applications,2017, 19, 2145-2152.

[2] Granas, A., Dugundji, J., Fixed Point Theory, Springer, 2002, 690.
[3] Branciari A., A Fixed Point Theorem of Banach-Caccioppoli Type on a Class of Generalized

Metric Spaces, Publ. Math. Debrecen, 2000, 57, 31-37.
[4] Kannan R., Some results on fixed point, Bull. Cal. Math. Soc., 1968, 60, 71-76.
[5] Kannan, R., Some results on fixed point II., Amer. Math. Monthly, 1969, 76, 405–408.
[6] Agarwal, P., Meehan, M. and O’Regan, D., Fixed Point Theory and Applications, Cambridge

University Press, United Kingdom, 2004.
[7] Banach, S., Sur les operations dans les ensembles abstraits et leur application aux equations

integrales, Fund Math., 1922, 3, 133–181.
[8] Ege, M. E. ve Alaca, C., Fixed point results and an application to homotopy in modular metric

spaces, J. Nonlinear Sci. Appl., 2015, 8, 6, 900–908.
[9] Munkres, J.R., Topology a first course, Prentice-Hall, Inc., Englewood Cliffs, New Jersey. 1975.
[10] Massey, W.S., Algebraic topology: An introduction, Harcourt, Brace, and World, New York.

1967.
[11] Frigon, F., On Continution Methods For Contractive and Nonexpansive Mapping, Recent Ad-

vances on Metric Fixed Point Theory, 1991, 19-30.
[12] Büyükkaya, A., Fixed Point Theorems on Moduler Metric Spaces and its Applications, Karad-

eniz Thecnical University, Instute of Science„ 2022, Phd Thesis.
[13] Chatterjea, S. K., Fixed Point Theorem, C. R. Acad. Bulgare Sci. 25, (1972) 727-730.

*Corresponding Author’s E-mail: simge.oztunc@cbu.edu.tr

176



VI International Conference on Mathematics and its Applications in Science and Engineering

(ICMASE 2025)

ON THE GEOMETRY OF SLANT SUBMANIFOLDS IN
(α, p)-GOLDEN RIEMANNIAN MANIFOLDS
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ABSTRACT

The notion of an almost (α, p)-golden structure, recently introduced by Hretcanu and Crasmareanu
[1], extends the classical golden and metallic structures through a unified polynomial framework
on Riemannian manifolds. This construction generalizes earlier works on golden structures [2] and
metallic structures [3], and provides a natural setting for studying geometric properties of submani-
folds. In their foundational paper, the authors examined invariant submanifolds in this context [1, 6].
Building upon this framework, we consider the geometry of slant submanifolds, which are a natu-
ral extension of invariant and anti-invariant cases in submanifold theory [5]. Our results aim to
contribute to the development of submanifold geometry within generalized polynomial-type metric
structures.
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ABSTRACT

In this work, we consider a boundary value problem for the singularly perturbed convection diffu-
sion problem for a type of delay differential equation. Differential equations with a small positive
parameter multiplied by the highest derivative term are said to be singularly perturbed differential
equations. Generally, the solutions of such equation exhibit multiscale phenomena. Within cer-
tain thin sub-regions of the domain, the scale of some derivatives is significantly larger than other
derivatives. These thin regions where rapid change occurs are called boundary or interior layers.
These equations appear frequently in mathematical problems in the sciences and engineering. For
example, high Reynolds number flows in the fluid dynamics, electrical networks, reaction-diffusion
processes, control theory, the equations governing flow in porous media, the drift-diffusion equation
of semiconductor devices are modelled by these equations [3, 5].
Generally, solutions to such problems often involve a boundary or initial layer. The classical dis-
cretization methods to solve singularly perturbed problems do not work well and fail to give ana-
lytical solution when tends to zero. For this reason, it is necessary to develop suitable numerical
methods that are uniformly convergent with respect to solve this type of problems [2, 3]. If the
singularly perturbed differential equations also contain the delay term, they are called the singularly
perturbed delay differential equations. Lange and Miura investigated the asymptotic properties of
the boundary value problem for singularly perturbed delay differential equations [4]. We are moti-
vated by this paper for the numerical solution of our work. There are few studies in the literature
using different numerical methods to solve these equations [1, 2].
For the numerical solution of the problem, we present a fitted difference scheme on a layer adapted
mesh and analyze the error estimates. We show that the scheme is first-order convergent with respect
to the perturbation parameter in the discrete maximum norm. Furthermore, we give the numerical
experiments which support the theoretical results.

Keywords Delay differential equation · Boundary layer · Finite difference method · Uniform
convergence
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ABSTRACT

Finding solutions to problems with non-local boundary condition, even for in the simple of ordinary
differential equations or systems of equations, requires special research. In this work we will study
the following equation

ℓ[y] ≡ y′′(x) + ay′(x) + by(x) = 0, 0 < x < 1, (1)
to the subject to linearly independent nonlocal boundary conditions with constant coefficients

L[u] ≡ αk0y(0) + αk1y(1) + βk0y
′(0) + βk1y

′(1) = γk, (k = 1, 2). (2)
Here a, b, αkj , βkj and γk, (k = 1, 2; j = 0, 1) are given real constants.
For problem (1), (2) the following as called a basic relation
y′(0)Z(−ξ)− y(0)Z ′(−ξ)− y′(1)Z(1− ξ) + y(1)Z ′(1− ξ) + ay(0)Z(−ξ)− ay(1)Z(1− ξ) =

=

{
y(ξ), ξ ∈ (0, 1),
1
2y(ξ), ξ = 0, ξ = 1

(3)

is found. Z(ξ) denotes the fundamental solution of the adjoint equation corresponding to (1) in the
sense of Lagrange. From (3) we get two necessary conditions as follows

1

2
y(0) = y′(0)Z(0)− y(0)Z ′(0)− y′(1)Z(1) + y(1)Z ′(1) + ay(0)Z(0)− ay(1)Z(1), (4)

1

2
y′(0) = y′(1)Z ′(1)− y′(0)Z ′(0) + by(1)Z(1)− by(0)Z ′(0) (5)

The following theorems are proved:
Theorem 1. If a and b are given real constants, then any solution of equation (1) satisfies to linear
independent necessary conditions (4) and (5).
Theorem 2. Let us assume that a, b, αkj , βkj and γk, (k = 1, 2; j = 0, 1) are given real constants
and the boundary conditions (2) are linearly independent. Under certain conditions, problem (1), (2)
is reduced to the Cauchy problem.
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ABSTRACT

Modern complex systems across diverse scientific and engineering domains require mathematical
frameworks that capture both memory effects and sudden disruptions simultaneously. Classical dif-
ferential equation approaches, while successful for many applications, have limitations when mod-
eling systems that exhibit both hereditary properties and abrupt state changes. This recognition has
motivated the development of mathematical frameworks combining fractional calculus with impul-
sive dynamics, creating powerful tools for modeling the memory dependence and discontinuous
behaviors characteristic of many real-world phenomena.
The ψ−Caputo fractional derivative represents a significant advancement in fractional calculus by
generalizing the classical Caputo operator through the introduction of a kernel function ψ. This
generalization enables application-specific adaptation of memory characteristics, providing flexibil-
ity that has proven valuable across applications from biomedical engineering and epidemiology to
finance and ecological management. The ψ-Caputo framework allows researchers to tailor memory
effects to specific system behaviors, significantly expanding the modeling capabilities of fractional
differential equations.
While substantial progress has been made for orders α ∈ (0, 1], higher-order systems with α ∈ (1, 2]
present additional mathematical challenges that require sophisticated analytical approaches. The de-
velopment of rigorous theory for these systems is particularly important because many physical phe-
nomena naturally require α > 1 to capture both strong memory and acceleration effects. Fractional
diffusion-wave equations and vibrating systems with hereditary properties exemplify applications
that inherently involve momentum effects requiring fractional orders greater than unity for proper
mathematical representation.
This work establishes existence and uniqueness results for impulsive ψ−Caputo fractional differen-
tial equations of order 1 < α ≤ 2 using fixed point theorems. Under appropriate conditions, we
prove that these differential equations possess unique solutions. These theoretical results provide
essential analytical foundations that complement the computational methods required for solving
non-local fractional operators. Our contribution advances the mathematical theory while enabling
enhanced modeling capabilities for systems requiring both complex memory effects and sudden state
changes, with the flexible ψ−Caputo framework supporting application-specific adaptations across
diverse scientific domains.

Keywords Impulsive · ψ-Caputo Fractional Boundary Value Problem · Fractional Calculus · Fixed
Point Theorem
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ABSTRACT

Predictor-Corrector methods are one of the most studied variants of interior-point methods, being
Mehrotra’s predictor-corrector algorithm for Linear Programming [2] one of the most successfully
implemented, both in research works and commercial packages.
One way to advance in the investigation on interior-point methods is to obtain more efficient algo-
rithms. A manner of achieving this goal is to search for methods with better complexity results; this
is, methods with a lower upper bound on the time needed by an algorithm to solve a given instance.
Several researches have devoted their attention to the study of the complexity of Linear Program-
ming algorithms; namely, the works of Zhang e al. [3], [4], [5], [6], Dexter et al. [7] and Benhadid et
al. [8], that proved the polynomial complexity of some Linear Programming interior-point method
variants.
In [1], Bastos and Paixão presented some Linear Programming interior point approaches, directly
targeted to some linear allocation problems, specifically transportation and assignment, where the
special structure of the constraint matrix of these problems is used to simplify the computations.
The current work focus on one of these methodologies, namely the primal-dual predictor-corrector
one. In particular, a feasible variant of this algorithm, originally proposed for structured problems
such as transportation and assignment problems, is specifically adapted to use the infinity norm
neighborhood and, then, analyzed.
The infinity norm is an alternative to the 2-norm when computing the used neighborhood, as it is
more scalable and allows for greater flexibility in individual component deviations, particularly re-
garding computational efficiency and local accuracy, while the 2-norm can be excessively restrictive
in practice. Additionally, the infinity norm often defines a broader neighborhood, allowing the al-
gorithm to take longer steps without violating feasibility constraints, and, thus, progressing faster in
the initial iterations, particularly when still being far from optimality.
In this work, a complete theoretical analysis, that includes the derivation of step-size bounds, dual-
ity gap reduction, and the complexity bound is presented. It is demonstrated that the algorithm has
polynomial complexity and Q-linear convergence is proved. To achieve the main result, some ad-
ditional lemmas and propositions were developed and demonstrated. This process allowed to prove
that the algorithm with the infinity norm neighborhood has iteration complexity of O(n1/2 log( 1ε )).

Keywords Feasible Predictor-Corrector Algorithm · Infinity Norm Neighborhood · Polynomial
Complexity
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ABSTRACT

In this study, we will examine octonions as a new number system from a different perspective.
By changing the roles of the units of real octonions e0, e1, e2, e3, ..., e7 we will give the octonions
constructed in a new form and their basic properties. Moreover, the basic algebraic properties,
addition and multiplication operations and their differences from other octonion structures will be
examined and their geometric properties will be given. In addition, it will be discussed what further
studies can be built and worked on this new number system and from which directions it can be
approached.

Keywords Octonions · Galilean Geometry
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ABSTRACT

In this paper, we introduce the canonical Fourier transform associated with the Dunkl-type opera-
tor and study some of its important properties. We study the generalized translation operator and
convolution product associated with this transform and present some of its basic properties. Next,
at the heart of our investigation, we introduce and study the canonical wavelet transform associated
with the Dunkl-type operator. Nonetheless, special attention is paid to the applications of these new
transforms.

Keywords Generalized canonical Fourier transform · generalized canonical wavelet transform ·
Dunkl-type operator · Jacobi–Dunkl transform · Chébli–Trimèche hypergroup · translation operator ·
convolution product
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ABSTRACT

In this presentation, we investigate a nonlinear parabolic m(x)-triharmonic parabolic equation with
logarithmic source terms. Using the potential well method and the Nehari manifold technique, we
investigate the global existence and blow up of solutions.

Keywords Blow up · Global existence · potential well method · variable exponent
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ABSTRACT

In this work, we investigate the decay estimates for a class of nonlinear m(x)-triharmonic parabolic
equations with logarithmic source terms. By employing variational techniques and energy methods,
we establish the decay of under suitable conditions.

Keywords Decay · global weak solutions · variable exponent
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ABSTRACT

In this academic work, an overview of the best practices observed in Higher Education, as well as
various relevant and significant European projects, is revisited, reviewed, analyzed, and updated. In
addition to the projects developed, promoted, and funded on behalf of the ERASMUS+ Program,
managed by the Education, Audiovisual, and Culture Executive Agency (EACEA), the COST Ac-
tions, i.e., European cooperation initiatives in science and technology, are also addressed. The last
five years’ period (2020-2024) is considered here.
The central and main purposes of this study are to reinforce, in a clear and in-depth manner, a com-
prehensive understanding of the main and most relevant current and emerging trends in education in
the field of Operations Research / Management Sciences (OR/MS), with the aim of contributing even
more significantly and consistently to a broader, more solid, and deeper knowledge of the various
topics related to higher education, including, in particular, relevant, transformative, and impactful
contributions in the distinct and important areas of STEM (Science, Technology, Engineering, and
Mathematics).
The main and most relevant characteristics associated with good and recommended practices, as
well as international cooperation processes in the field of education in OR/MS, are duly addressed
and analyzed in two distinct and complementary ways [1]:
A) The main activities in teaching and learning of OR/MS, such as classroom approaches, courses
design, courses assessment, immersive/virtual learning, including AI-based activities.
B) The applications of OR/MS tools on Education, such as Big Data Analytics, Data Envelopment
Analysis (DEA), Data Mining, Decision Support Systems (DSS), Graph Theory/Combinatorial Op-
timization, Heuristics and Metaheuristics, Modeling/Simulation, Multi-criteria Decision Analysis
(MCDA), Scheduling and/or Timetabling, Routing for school transportation, and Statistics, among
others.
The direct and indirect impact of these innovative and structured practices on organizational effec-
tiveness and the overall performance of higher education institutions are discussed and analyzed,
so as its amplitude, along with the digital transitions current framework.Additional and comple-
mentary developments are also included, either addressing the prospects for treatment of initiatives
within the European framework or at international level, including, for example, programs such as
the European Social Fund Plus (ESF+) or global reference institutions such as the United Nations
Educational, Scientific and Cultural Organization (UNESCO).

Keywords Higher Education · OR/MS tools · COST Actions · ERASMUS+ Projects · Training
Actions
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QECCS FROM THE CONSTACYLIC CODES OVER THE RING
R = Fq[v]/ ⟨vm − v⟩

Gökhan Gökgöz1,*, Figen Öke2

11Trakya University, Department of Mathematics
2Trakya University, Department of Mathematics

ABSTRACT

In their 2024 study titled "Hulls of Constacyclic Codes over Finite Non-Chain Rings
and Their Applications in Quantum Codes Construction", Tian, Gao, and Gao investigated
(1− 2v)−constacyclic codes over the ring R = Fq + vFq

(
v2 = v

)
. They presented the gen-

erator polynomials of the hulls of such codes and determined their dimensions with respect to both
Euclidean and Hermitian inner products. Moreover, under an appropriate Gray map, they proposed
two new theorems for constructing quantum error-correcting codes (QECCs) using the X-quantum
construction method with respect to Euclidean and Hermitian inner products. As a result, new
QECCs with improved parameters compared to existing codes were introduced. This work is ex-
tended in the present study by generalizing their results to

(
−2vm−1 + 1

)
−constacyclic codes over

the ring R = Fq + vFq + · · ·+ vm−1Fq(q = ps, m− 1| p− 1, p is prime and vm = v).This gener-
alization is carried out with respect to the Euclidean inner product.

Keywords Hulls · Quantum Construction X Method · Constacylic Codes
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A MOVING-SERVER M/M/1 QUEUE WITH ZONE-INDUCED
INTERRUPTIONS: ERGODIC CONDITION AND CLOSED-FORM

STATIONARY DISTRIBUTION

Ilya V. Galagan1,2*, Elmira Yu. Kalimulina1,2

1Lomonosov Moscow State University, Moscow, Russia
2Institute for Information Transmission Problems, RAS, Moscow, Russia

ABSTRACT

Motivation. Mobile edge platforms—high-speed trains, autonomous vessels, low-altitude
drones—serve users only while inside radio-coverage zones; traffic queues up during shadowed
stretches. Proper buffer sizing therefore demands a queueing model that couples mobility with in-
termittent service availability.
Model. Let {Nt}t≥0 be the queue length and St ∈ {0, 1} indicate whether the server is inside a
coverage zone (1) or not (0). Zone lengths are independent exponentials: Exp(α) for coverage,
Exp(β) for out-of-coverage; thus (Nt, St) is a continuous-time Markov chain with infinitesimal
generator

Q =

(
Q11 Q10

Q01 Q00

)
, Qss′ =

(
qss′(n,m)

)
n,m≥0

,

where q11(n, n−1) = µ, q11(n, n+1) = λ, q10(n, n) = β, q01(n, n) = α, and all other transition
rates are 0. The chain is stochastically equivalent to an M/M/1 queue whose server breaks with
rate α and repairs with rate β.
Proposition 1 (Ergodicity). Define ρ := λ(α + β)/(βµ). The chain is positive recurrent, i.e. the
queue is ergodic, iff

λ <
βµ

α+ β
⇐⇒ 0 < ρ < 1.

Proof sketch. A Foster–Lyapunov function V (n, s) = n + γs with suitably chosen γ > 0 yields
⟨QV, (n, s)⟩ ≤ −ε outside a finite set; thus the drift criterion holds.
Proposition 2 (Stationary Distribution). Assuming 0 < ρ < 1, the joint stationary probabilities
are

πn,1 =
(λ+ β)(1− ρ)

λ+ β + α
ρn, πn,0 =

α(1− ρ)

λ+ β + α
ρn, n ≥ 0,

so the marginal distribution of N is geometric with parameter 1 − ρ. Expected queue length and
waiting time follow in closed form:

E[N ] =
ρ

1− ρ
, E[W ] =

ρ

µ(1− ρ)
.

The physical parameters—mean coverage length 1/α, mean shadow length 1/β, and vehicle speed
v—enter performance metrics only through α and β. Consequently, increasing coverage density
(larger β) or vehicle speed (scaling both rates) widens the stability region linearly. Because probabil-
ities decay geometrically, backlog targets such as Pr{N > k} ≤ ε translate into explicit admissible
arrival rates without simulation, enabling real-time buffer sizing for mobile edge platforms.
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CYLINDRICAL REFLECTED ORNSTEIN–UHLENBECK MODEL
FOR HIGH-SPEED MOBILE NETWORKS

Anton A. Esin1,2, Ilya V. Galagan2,3*
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ABSTRACT

High-speed trains and motorway platoons form quasi-one-dimensional corridors in which user
equipment experiences both rapidly varying path loss and slow correlated shadowing. To cap-
ture these phenomena in a unified framework, we introduce a two-dimensional reflected Orn-
stein–Uhlenbeck diffusion

Xt = (Qt, St) ∈ [qmin, qmax]× S1,

where St is the periodic position of the mobile receiver within a cell and Qt evolves according to

dQt = −α
(
Qt − q(St, v0)

)
dt+ σ dWt + dLt, dSt = v0 dt (mod 1),

with reflecting boundaries at qmin and qmax. The deterministic profile

q(s, v0) = q0 − a dε(s)
γ − b v0 − c ln(1 + v0)

combines a smooth wrap-around path-loss term and a Doppler-induced penalty.
For each fixed speed v0 > 0, this Markov process admits a unique smooth stationary density
πv0

(q, s) on the cylinder. Up to normalization,

πv0(q, s) =

∫ 1/v0

0

exp
{

2α
σ2

∫ q

qmin

(
q′ − q(s+ v0τ, v0)

)
dq′

}
dτ.

This explicit form allows computation of performance metrics without resorting to simulation.
When a single-server queue with Poisson arrivals of rate λin is coupled to the channel so that the
service rate is a function u(Qt) of the instantaneous signal level, one finds that the joint process of
queue length and channel state is positive recurrent if and only if

λin < µ(v0) =

∫
S1

∫ qmax

qmin

u(q)πv0
(q, s) dq ds.

This condition provides a clear buffer-dimensioning rule for high-speed scenarios.
By combining wrap-around geometry, reflecting signal bounds, Doppler-aware drift and closed-form
stationary analysis, this model furnishes a compact and analytically tractable tool for performance
evaluation of mobile aggregators in high-speed rail and highway networks.

*Corresponding Author’s E-mail: anton.esin@imm.am

195



VI International Conference on Mathematics and its Applications in Science and Engineering

(ICMASE 2025)

NORM-DEPENDENT OVERSHOOT BOUNDS FOR
MULTIDIMENSIONAL RANDOM WALKS WITH APPLICATIONS TO

PORTFOLIO RISK

Bogdan M. Kushnarenko1,2,3*, Elmira Yu. Kalimulina3

1Lomonosov Moscow State University, Moscow, Russia
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ABSTRACT

Capital and liquidity buffers must cover not only the first time a cumulative loss process breaches
a limit t, but also the overshoot Rt beyond that limit. When losses arise from several independent
factors, a vector random walk is appropriate; yet classical Lorden bounds are scalar. We obtain
explicit, dimension-free bounds for ERt under an arbitrary norm, giving stress-test margins for
multi-asset portfolios.

Model. Let Z1, Z2, · · · ∈ Rd be i.i.d. vectors with non-negative components, finite second moment
and mean m = EZ1 ̸= 0. Set Sn =

∑n
k=1 Zk (S0 = 0). For a threshold t > 0 define the first-exit

index and overshoot

N(t) = inf{n ≥ 1 : ∥Sn∥ > t}, Rt = ∥SN(t)∥ − t.

Main bound. Fix any norm ∥ · ∥ on Rd and let C > 0 satisfy C∥x∥1 ≤ ∥x∥ for all x. Then, for
every t > 0,

ERt ≤
(

1
C + 1

∥1∥

) E∥Z1∥2 + E∥Z1∥21
E∥Z1∥1

, 1 = (1, . . . , 1)⊤.

The right-hand side is independent of the level t and the dimension d.

Idea of proof. Project Sn onto m to obtain a one-dimensional martingale to which the scalar Lorden
bound applies; the orthogonal component is then bounded using Cauchy–Schwarz and the con-
stant C. Summing the two contributions yields the stated inequality.

Euclidean-norm corollary. For ∥ · ∥ = ∥ · ∥2 one can take C = d−1/2 and ∥1∥ =
√
d, giving

ERt ≤ 2
(√

d+ d−1/2
) E∥Z1∥21
E∥Z1∥1

.

Risk interpretation. The formula provides a closed-form capital add-on that depends only on first-
and second-moment estimates of single-period factor magnitudes. Because neither t nor d appears,
the same buffer protects thresholds across all horizons and dimensions, greatly simplifying multi-
asset risk management.

*Corresponding Author’s E-mail: eyk@iitp.ru
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SHARP LORDEN-TYPE BOUNDS FOR THE OVERSHOOT OF
MULTIDIMENSIONAL MARTINGALES WITH APPLICATIONS TO

RISK ASSESSMENT
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ABSTRACT

Motivation. In risk management a loss process is monitored and a breach is declared when it
first exceeds a regulatory threshold b. The main quantity for capital–reserve sizing is the over-
shoot Rb—how far the loss surpasses b. We give moment-based bounds on E[Rb] for vector martin-
gales, delivering dimension-free worst-case estimates for portfolios driven by multiple risk factors.

Model. Let {Mn}n≥0 be an Rd-valued martingale with square-integrable increments Xn = Mn −
Mn−1 and

µ = E ∥X1∥ > 0, σ2 = Var
(
∥X1∥

)
.

For b > 0 define the stopping time and overshoot

τb = inf{n ≥ 1 : ∥Mn∥ > b}, Rb = ∥Mτb∥ − b.

Theorem (universal overshoot bound). If E[τb] < ∞, then for every b > 0

E[Rb] ≤ E ∥X1∥2

µ

The bound depends only on the first two moments of one increment and is independent of both the
dimension d and the level b.

Idea of proof. Set Yn = ∥Mn∥2. Martingale properties yield EYτb = Eτb E∥X1∥2. Jensen gives
E∥Mτb∥ ≤

√
EYτb . Wald’s identity Eτb = (b+ ERb)/µ then implies the stated inequality.

Risk-buffer corollary. The simpler bound

E[Rb] ≤ µ+
σ2

µ

is often tighter for light-tailed increments and can be interpreted as a conservative capital add-on
computable in real time without simulation.

Implications for practice. These moment-only formulas furnish stress-testable limits on average
exceedance of solvency or liquidity thresholds by multivariate positions, avoiding dimensional blow-
up.

Keywords martingale overshoot · Lorden inequality · risk buffer · stopping time · dimension-free bound
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INCLUSION PROPERTIES FOR SPIRALLIKE FUNCTION FAMILIES
RELATED TO THE ERROR FUNCTION

Şahsene Altınkaya

Department of Mathematics and Statistics, University of Turku, 20014, Turku, Finland

ABSTRACT

This paper explores new families of spirallike functions defined through the concepts of subordina-
tion and the Error function of the form

Erf(z) =
√
πz

2
er f(

√
z) = z +Σ∞

n=2

(−1)n−1

(2n− 1)(n− 1)!
zn.

We provide convolution properties, and coefficient bounds for functions within these families and
examine their inclusion relations with other well-known classes of analytic functions.

Keywords Analytic function · Spirallike function · Error function · Convolution · Subordination
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