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ABSTRACT

In this work, every ring has an identity and every module over a ring R is a unitary left R-module.
Let M be an R-module and U,V < M. If M =U +V and M = U + T with T' < V implies that
T = V,orequivalently, M = U +V and U NV <, V, then V is called a g-supplement of U in
M. M is said to be g-supplemented if every submodule of M has a g-supplement in M. M is said
to be cofinitely g-supplemented if every cofinite submodule of M has a g-supplement in M. Let M
be an R-module and U < M. If for every V' < M such that M = U + V, U has a g-supplement
V' in M with V' < V, then we say U has ample g-supplements in M. If every submodule of
M has ample g-supplements in M, then M is called an amply g-supplemented module. If every
cofinite submodule of M has ample g-supplements in M, then M is called an amply cofinitely g-
supplemented module. Let M be an R-module and 7" be a maximal submodule of M. If T <9 M,
then 7' is called a g-maximal submodule of M. The intersection of all g-maximal submodules of
an R-module M is called the generalized radical (briefly, g-radical) of M and denoted by Rad,M.
If M have no g-maximal submodules, then the g-radical of M is defined by Rad,M = M. Let
M be an R-module and U,V < M. If M = U+ V and UNV < Rad,V, then V is called a
g-radical supplement of U in M. If every submodule of M has a g-radical supplement in M, then
M is called a g-radical supplemented module. M is said to be cofinitely g-radical supplemented
if every cofinite submodule of M has a g-radical supplement in M. Let M be an R-module and
U < M. If for every V < M such that M = U + V, U has a g-radical supplement V'in M
with V' < V, then we say U has ample g-radical supplements in M. If every submodule of M has
ample g-radical supplements in M, then M is called an amply g-radical supplemented module. If
every cofinite submodule of M has ample g-radical supplements in M, then M is called an amply
g-radical supplemented module. In this work, some new properties of (amply) cofinitely g-radical
supplemented modules are investigated. It is clear that every (amply) cofinitely g-supplemented
module is (amply) cofinitely g-radical supplemented.

Keywords Essential Submodules - Small Submodules - g-Radical - g-Supplemented Modules

2020 Mathematics Subject Classification: 13C13, 13C60.

References

[1] R. Alizade, G. Bilhan and P. F. Smith, Modules whose Maximal Submodules have Supple-
ments, Communications in Algebra, 29 No. 6, 2389-2405 (2001).

[2] E. Biiyiikasik and C. Lomp, On a Recent Generalization of Semiperfect Rings, Bulletin of the
Australian Mathematical Society, 78, 317-325 (2008).

[3] J. Clark, C. Lomp, N. Vanaja and R. Wisbauer, Lifting Modules: Supplements and Projectivity
In Module Theory, Frontiers in Mathematics, Birkhauser, Basel, 2006.

*Corresponding Author’s E-mail: engin.kaynar@amasya.edu.tr



VII International Conference on Mathematics and its Applications in Science and Engineering
(ICMASE 2026)

[4] B. Kosar, Cofinitely g-Supplemented Modules, British Journal of Mathematics and Computer
Science, 17 No. 4, 1-6 (2016).

[5] B. Kosar, C. Nebiyev and A. Pekin, A Generalization of g-Supplemented Modules, Miskolc
Mathematical Notes, 20 No. 1, 345-352 (2019).

[6] B. Kosar, C. Nebiyev and N. Sokmez, g-Supplemented Modules, Ukrainian Mathematical
Journal, 67 No. 6, 975-980 (2015).

[7] C. Nebiyev and H. H. Okten, Weakly g-Supplemented Modules, European Journal of Pure
and Applied Mathematics, 10 No. 3, 521-528 (2017).

[8] C. Nebiyev, Amply Cofinitely g-Radical Supplemented Modules, Presented in 9th Interna-
tional Eurasian Conference on Mathematical Sciences and Applications, Skopje-Macedonia,
(2020).

[9] C. Nebiyev, Cofinitely g-Radical Supplemented Modules, Mathematical Methods in the Ap-
plied Sciences, 44, 76937696 (2021).

[10] Y. Wang and N. Ding, Generalized Supplemented Modules, Taiwanese Journal of Mathemat-
ics, 10 No. 6, 1589-1601 (2006).
[11] R. Wisbauer, Foundations of Module and Ring Theory, Gordon and Breach, Philadelphia, 1991.



